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Abstract Bounded ©®-variation functions are development and generalization of bounded 
variation functions in the usual sense. The concept of Henstock-Kurzweil integral is an ef- 
fective tool in dealing with highly infinite oscillation functions. In this paper, the concept of 
®-variational stability is defined by using ©-function theory, the ®-variational stability of the 
bounded &-variation solution to discontinuous system is discussed, and the Ljapunov type 
theorems for ®-variational stability and asymptotically ®-variational stability of the bounded 
®-variation solution are established. These results are essential generalization of variation 
stability of bounded variation solution of this system, and the certain foundation is laid in the 
research of highly infinite oscillation functions. 
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81. Introduction 


Consider the general discontinuous system 


a = f(t, 2), (*) 
/ dx 


where x = (#1,%2,...,2n)',2’ = @, f : G > R", G is an open region in R"*1. (x) is called 
discontinuous system if f is a function with some discontinuity. In [1] and [2], the existence, 
uniqueness and stability for the solution of Caratheodory system and Filippov system were 
obtained by using the Lebesgue integral and the solutions obtained are absolute continuous 
functions. The Henstock-Kurzweil integral was introduced by Henstock and Kurzweil indepen- 
dently during 1957-1958, the existence, uniqueness and variational stability for the bounded 
variation solutions of a class of discontinuous system were discussed by using the Henstock- 
Kurzweil integral in [8, 4]. 

The functions of bounded ©-variation were introduced by Musiclak and Orlicz 6, which 


are generalization and development of functions of bounded variation in usual sense. The 





1This work is supported by the Young Teachers’ Scientific Research Projects of Tianshui normal university 
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existence theorem of bounded ®-variation solutions for a class of discontinuous system is es- 
tablished in [7]. In this paper, the concept of ®-variational stability of bounded ®-variation 
solutions for discontinuous system is given and the stability is discussed through making use 
of Ljapunov function. The Ljapunov type theorems for ®-variational stability and asymptoti- 
cally ®-variational stability of the bounded ®-variation solutions are established. These results 
are essential generalization of variation stability of bounded variation solution to discontinuous 


system in [4]. 


§2. Preliminaries and definitions 


Definition 2.1.!:47-5] A function x : [a,b] > R” is called Henstock-Kurzweil integrable 
over [a,b], if there is a A € R” such that given € > 0, there is a positive function 6 : [a,b] > 
(0, +oo) such that for any 6(t)— fine partition D: a = to < t) <--- < ty = band {&, &2,--- ,&} 
satisfying €; € [tj-1, tj] C [&; — 6(€)), € + 4(€;)], we have 


k 
I 55 2(&)(ty — t3-1) - All <e. 
j=l 

A is called the Henstock-Kurzweil integral of x(t) over [a,b] and will be denoted by i x(t)dt. 

Definition 2.2.8:4:7:5] A function x : [a,b] > R” is called H-K-Stieltjes integral over [a, b], 
function y : [a,b] > R”, if there is a A € R” such that given ¢ > 0, there is a positive function 
6: [a,b] — (0,+co) such that for any 6(t)— fine partition D:a=to <t) <--: <t, =6b and 
{é1,€2,°-> x} satisfying €) € [éj-1, tj] C [ej — 0(€)),€) + 0(€;)], we have 


k 
| D0 (&)(ues) - uta) - All <e. 


A is called the H-K-Stieltjes integral of x(t) over [a,b] and will be denoted by fe x(t)dy(t). 

Let ®(u) denote a continuous and increasing function defined for u > 0 with ®(0) = 0, 
®(u) > 0 for u > 0, and satisfying the following conditions: 

(A,) There exist uo > 0 and a > 0 such that ®(2u) < a®(u) for 0 < u < uo; 

(Az) ®(u) is a convex function. 

Let [a,b] C R,-0o0 < a < b < +00. We consider the function x : [a,b] > R”, x(t) is of 
bounded ©-variation over [a,b] if for any partition 7: a = to < ti < ++: < tm = b, we have 
Vo (a; [a, b]) = sup, 272, ®(||a(ti) — x(ti-1) ||) < +00, Vo(a; [a, b]) is called ®-variation of x(t) 
over [a,b]. We always assume ®(u) satisfying (A,) and (Ag). 

Given c > 0, we denote B, = {x € R”;||z|| < c}. Let I Cc (a,b) C R be an interval with 
-—co <a<b< +o, and set G= B, x I. 

Definition 2.3.8:47] A Caratheodory function f : G — R” belongs to the class Va(G, h, w), 
if 

(1) There exists a positive function 6 : [a, b] + (0, +00), satisfying 7 € [u,v] C [r—-4(7), 7+ 
6(r)] C I and x € Bfor every [u,v], we have 


Il f(z, 7) (uv — u) |< ®(A(v) — h(u))). 
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(2) Satisfying 7 € [u, v] C [r — 6(r),7 +. 6(7)] C I and x,y € B for every [u,v], we have 


Il F@,7) — FY 7) Il (UY — u) S w(I] a — y [®(A(v) — h(u))), 


where h : [a,b] + R is an increasing function and continuous from the left on the interval [a, }], 
w:[0,+00) > R is a continuous and increasing function with w(0) = 0. 

(3) The function f(¢(t),t) is H — K integrable on [a, 6] for every step function w(t) on 
[a, B] C [a, 6). 

Lemma 2.1.47] Assume that f : G > R” satisfies the condition (1) of Definition 
2.3, if : [a,8] > R",[a,6] C (a,b) is such that (a(t),t) € G for every t € [a,8] and 
if the Kurzweil integral sa f(x(t),t) exists, then for every pair s1,82 € [a,{] the inequality 
ll fo fw), that || < Va(h; [s1, s2]) holds. 

Corollary 2.1.'3:+7] Assume that f : G— R” satisfies the condition (1) of Definition 2.3, 
if a: [a, 8] — R”, [a,6] C (a,b) is a solution of (*), then x is of bounded ®-variation and 
Va (a; [a, 8]) < ®(Va(h; fa, B])) < +00. Moreover every point in [a, 6] at which the function h 
is continuous from the left is a left continuity point of the solution x : [a, 8] > R”. 

Lemma 2.2.!48] Assume that —oo < a < b < +00 and that f,g : [a,b] + R are functions 
which are continuous from the left in [a,b]. If for every o € [a,}] there exists 6(7) > 0 such 
that for every 7 € (0,6(c)) the inequality f(a +) — f(a) < g(o +) — g(o) holds, then 
f(s) — f(a) < g(s) — g(a) for all s € [a, b]. 

If f(0,t) = 0 for every t € [0,+00) then the function x given by z(t) = 0 fort > Disa 
solution of (*) on the whole half-axis [0, +00). 

Definition 2.4. The solution x = 0 of (*) is called ®-variationally stable if for every 
€ > 0 there exists 6 = d(€) > 0 such that if y : [to,t1] > Be, 0 < to < ti < +00 is a function 
of bounded ©-variation on [to,t1], continuous from the left on (to, t1] with ®(||y(to)||) < 6 and 
Vo ((y(s) — es f (y(t), t)dt); [to, t1]) < 6, then we have ®(||y(t)||) < e. 

Definition 2.5. The solution x = 0 of («) is called ®-variationally attracting if there 
exists 69 > 0 and for every ¢ > 0 there is a T = T(e) > 0 and y = y(e) > O such that if 
y : (to, ti] 3 Be, 0 < to < ty < +00 is a function of bounded ©-variation on [to, t1], continuous 
from the left on (to, t1] with ®(||y(to)||) < 60 and Va((y(s) — J, f(y(t), dt); [to, t1]) < 7, then 
®(||y(t)||) < e for all t € [to, t1] [to + T(e), +00) and ty > 0. 

Definition 2.6. The solution x = 0 of (*) is called ®-variationally asymptotically stable 
if it is 6-variationally stable and ®-variationally attracting. 


§3. Main results 


Theorem 3.1. Assume that V : [0,+00) x R” > R is such that for every x € R” the 
function V(-,x) : [0,+-00) + R is continuous from the left in (0,+00) and 
(1) The inequality 
|V(t, x) —V(t,y)| < L&(|a — yl) (1) 


holds for x,y € R”, t € [0, +00) with a constant L > 0; 
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(2) There exists a real function H : R” > R such that for every solution x : (a, 8) > R” 
of the discontinuous system (*) on (a, 6) C [0,+00), we have 





Vit+n, x(t +)) — V(t, 2(t)) 
lim sup 
n—-0+ if] 


< H(2(t)) (2) 


for t € (a, f). 
If y : [to, 1] > R”, 0 < to < ty < +00 is continuous from the left on (to, t1] and of bounded 
®-variation on [to,t1], then the inequality 


V (t1,y(t1)) < V(tory(to)) + NVa((y (s)- f # f(u(t),t)dt); fto.ti]) + R(t —to) (3) 


holds, where R = supyeje,,4,; 4(2(t)), N = Lx(a’), (x(a") was defined by Theorem 1.2 in [5]. 
Proof. Let y: [to,t1] ~ R",0 < tp < t) < +co be a function of bounded ®-variation on 
[to, #1] and continuous from the left on (to,t1] and let o € [to,t;] be an arbitrary point. It is 
clear that the function V(t, y(€)) : [to,t1] x R” > R is continuous from the left on (to, ti]. 
Assume that x : [0,0 + m(c)]| > R” is a solution of bounded ®-variation of (*) on the 
interval [0,0 + m1(c)], 71 > 0 with the initial condition z(o) = y(o). The existence of such a 
solution is guaranteed by Theorem 3.3 in [7]. By (1), we have 


Vio+n,y(o+n)) -V(o+n, 2(0 +n)) < L®(|ly(o +7) — e(o + n)I) 





o+n 
= L&(||y(o +2) — 90) - / f(a(t),t)dtl|) 


for every 7 € [0,71(0)]- 
By (2), we obtain 


V(o +n, y(o +)) — V(o,2(c)) 








=Vootnylo+n))-Vlo+n, ao +) +V(o +0, 26 +0) — V(a,2(0)) 
< LO(|ly(o +n) — ylo) — f°" F(a(t), t)atl|) + nH (x(0)) 


< LO(|ly(o +) — y(o) — Jo" F(@(®), tall) + 0B + 12, 
where € > 0 is arbitrary and 7 € (0, 72(c)) with m2(a) < m(o), n2(7) > 0 is sufficiently small. 








Denote 


@- fly t)dt, SE [to, ta], 


the function WU : [tg,¢;] > R” is of bounded ®-variation and continuous from the left on (to, ¢1]. 
By Theorem 1.2, Theorem 1.11 and Theorem 1.17 in [5], we have 


Vio +n, y(o +)) — V(o,2(c)) 
< LO(\|y(o +n) — yo) — f27" F(y(t), datll + If? "LF (y®), 8) — f(@@), Bedell) 
+nR + ne < Lx(a'){B(\ly(o +n) — y(o) — [27" F(y(t), tatll) 


FB(\| [LF (y(t), t) — F(e(t), t)]at||)} + nR + ne 
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< Lx(a’) — SP fly dt); [0,0 + n]) + nR+ ne 
+Lx(a')®(| ne t),t) — f (x(t), t)|d¢l|) 


< NVa(¥; [0,0 + n]) +R +ne+ NO(| [2""[F(y(), t) — F@(@), t)Jdtl)) 





< N(Va(Y;[,0 + n]) — Va(¥; [,o])) + nR + ne 


+NO(I [7 (yt). t)— Felt), Oat) (4) 
for every 7 € (0,72(c)). 
Since f € Ve(G,h,w) and by Definition 2.1, there exists a positive function 6(7) : [0,0 + 
n| — (0, +00) for e > 0 such that any 6(7)—fine partition D = {(7;; [aj;-1, a;]),7 =1,2,--- ,m} 
on [7,0 + 7], we have 


Je"), t) — Fw), t)]aet| 
<2 "v@), t) — F@@), Hlat — DEL LAC), 05) — F(e(7),.€5) 
—F(y(75), 5-1) + F(@(75), 7-1) 
+(| 5 [F (Ys), 25) — F(@(75), 9) — F(y(tG), 5-1) + F(@(75), eg) 


<§+ D521 wll y(t) — e(74) IBC A(@3) — haga) |). (5) 
By Theorem 1.3 and Theorem 1.17 in [5], we have 


dja Wl v7) — B75) I) BC (az) — haga) |) 
= jai (ll y(t) — &(73) |) Veh; [05-1 05)) 
<a Hl 9(75) — 275) II) [Vo (hs [o, 5]) — Vo (hs [o, 3-1))]- 


Denote U(t) = Va(h; [o, t]) foro <t < o+n. By definitions of ®(u) and h, U(t)is a function 
of non-navigate and nondecreasing on [0,0 +7] and continuous from the left on (o,¢ +7], then 
by (5) we have 


Di w(Il w(ty) — 2(74) II) ®(| h(ay) — h(ay-1) |) 
<2 w(\l y(ts) — &(73) |) U(a3) — U(ay-1)) 
<|] D1 w(ll y(ts) — 2(74) II) (U (a) — U(ag—1)) — f27" w(| y(t) — a(é) aU (2) | 
+ for" w(\| y(t)—a(t) aU) < $4 JP" w(ll y(t)—2(t) ||)dU (0). (6) 


By (5), (6), Theorem 1.16 in [8] and arbitrary ¢ > 0, we have 
Se" LA(u(@), t) — F@(), atl < JP" w(\l y(t) — a(t) av) 


= lima so+ Lf?“ w((l yt) — a(t) AU) + [777 w(ll y@) — 2(é) [aT @)] 


= w (|| y(o) — 2(0) ||) U (e+) — U(o)) + lima sos S27? (|| y() — et) [aU (t) 
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= limaso4 fre” w(|| y(t) — a(¢) [aU 
< SUP pefo,o-+y) ¥(|l 9(P) — (9) ||) lima +04 (U(o +) — U(o +a) 
= SUP pefo4n] “(Il ¥(e) — 2(9) |l)(U(o +n) —U(o+)). (7) 


Let p € [0,0 + 72(c)], we have y(p) — x(p) = y(p) — y(o) — J? f (a(t), t)dt, and therefore 


lim (y(o) — #(p)) = y(o+) — y(o) — lim (f(#(), p) — f(x(o), @)) 


poor pro+ 


= y(o+) — yo) — (F(a(o), 0+) — F(a(e),0)) = Vo+) — Vo), 





and also 
jim, lly(e) — 2(o) Il = (e+) — YC). (8) 
For every ¢ > 0 denote 
E 
NU (h) — U(bo) +1) ~ 
and assume that r = r(8) > 0 is such that w(r) < 8. Further, we choice a € (0, 5). 
Since (8) holds, there is an 73(7) € (0,72(o)) such that 





ee 0 (9) 


Ily(e) — x(p)ll < IWo+) — Y(o)|| +, 


and also 
w(ly(o) — x(p)ll) < w(I¥(o+) — Yo) || + @) (10) 
for p € (0,0 + 73(0)). 
Denote P(8) = {o € |to, ta]; ||¥(o+) — Y(o)|| = $}, since WV is of bounded &-variation on 
[to, ti], the set P() is finite and we denote by n() the number of elements of P(). 
If o € [to, ti] \ P(B) and p € (0,0 + 73(0)) then by (10) we have 


w(IIy(p) — 2(0)|I) < w(|W(o+) — ¥(o)|| +a) Sw(F +a) <w(F +5) =w(r) <B, 


and by (7) also 


o+n 
| / [f(y(t), t) — F(a(t), t)]dt |< BU (oe +n) — U(o+)) (11) 


whenever 7 € (0, 73(0)). 
If o € [to,ti]() P(8) then there exists n4(o) € (0,73(c)) such that for 7 € (0,74(c)) we 
have 





U(o +) — U(o+) =| U(o +9) — U(e+) |< (n(B) + 1)w(||¥(o+) — U(o)|| + a) 


and (0,0 + a(a))() P(8) = 0. Hence (7) and (10) yield 


o+n 
if [F(y(), t) — F(@(t), Hae 
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B __ 8B 
(n(B) + Dw(IV(o+) — VO) +a) n(B) +1 





< w(|[¥(o+) — ¥(o)|| + @) (12) 


for every 7 € (0,0 + n4(a)). 
Denote Ua(t) = agar Dee p(s) Jo(t) for t € [to, ti] where I, (t) = 0 for t < o and I,(t) =1 
for t > o. The function U4 : [to, ti] > R is nondecreasing and continuous from the left and 


Tj tsG= pat" 


(8) < B. (13) 
The points of discontinuity of the function Up are clearly only the points belonging to P(8), 
and for t € P(G) we have 
D0. OS se wat 
mB) +1 
Using the function U,,, we can set U(t) = 8U.(t)+U,(t) for t € [to, ti] where by U; denote 
the continuous part of the function U, then the function U, is nondecreasing and continuous 
from the left on [to, t:] and by (9) and (13) we obtain 


Ua(t1) — Ua(to) = B(Uc(t1) — Uc(to)) + Ua(ti) — Vato) 
< B{U (ta) — U(to) +] = =. (14) 
If o € [to, ti] \ P(G) then set 6(c) = n3(c) > 0 and if o € [to, ti] () P(B) then set d(c) = 


na(o) > 0. By (11), (12) and definition of U, we obtain the inequality 





o+n 
| / [F(y(t), t) — f(a(t), t)]dt|| < Valo +m) — Valo) 


for a € [to, ti], € [0,,5(o)], then by Theorem 1.3 and Theorem 1.17 in [5], we have ®(|| joe [f (y(t), t)— 
f(x(t), t)]I|) S$ ®(Uale +1) — Valo) = Vea; lo,o +1) < Vea; [to, o +n]) — Vea: [to, 2), 
therefor by (4) we have 


V(io+n, y(o +)) — V(e,2(¢)) 
< N(Va(W; [to,¢ + ]) — Va(Y; [to, o]) + Va(Ua; [to, 0 + ]) — Va(Ua5 [to, o])) + nk + ne 


= Glo+n)—G(o), (15) 
for o € [to, ti], 7 € [0, 6(7)] where G(t) = NVa(¥; [to, t]) + R(t—to) +e(t— to) + NVa (Ua; [to, t]), 
Gis of bounded ©-variation on [to,t1] and continuous from the left on (to, ti]. By (14), (15) and 


Lemma 2.2, we obtain 





V(ti, y(ti)) — V(to, y(to)) < G(ti) — G(to) 


= NVa(U; [to, t1]) + R(ti to) { e(ty to) t NVa(Ua; (to, t1]) 








< NVa(W; [to, t1]) + R(t — to) + e(t1 — to) + N®(Q), 
Since ¢ can be arbitrary small, we obtain the result given in (3) from this inequality. 
Theorem 3.2. Assume that V : [0,+00) x By > R,0 < a < cis such that for every 
x € Ba ={ye R": |ly|| < a} the function V(-,2) is continuous from the left and 
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(1) Assume that the function V(t, x) is positive definite, i.e. there exists a continuous and 
increasing real function v : [0,+-00) — R Such that v(p) =0 <=> p= 0; 
(2) for all (t,x) € [0,-+oo) x Ba, we have 


V(t,x) = v(®((|x||)) (16) 


and 
V(t,0) =0. (17) 


For any x,y € B, and L > 0 is a constant, we have 
|V(t,x) — V(t,y)| < L®(||a — yll). (18) 


If the function V(t, 7(t)) is nonincreasing and of bounded ©-variation along every solution 
x of (x) then the solution x = 0 of (*) is ®-variationally stable. 

Proof. Since we assume that the function V(t,x(t)) is nonincrease and of bounded 
®-variation whenever z : [a, 8] > R” is a solution of («), we have 





fan sup Wet m2(t-+n)) - Ve2(2)) 


<0 (19) 
nor 1) 


for t € [a, f). 

Let ¢ > 0 be given and let y : [to, t1] ~ R", 0 < to < ty < +co be of bounded ©-variation 
on [to, ti] and continuous from the left in (tp, t1]. Since the function V satisfies the assumptions 
(2) of Theorem 3.1 with H = 0, We obtain by (3), (17) and (18) the inequality 


Vir, y(r)) < V(to, y(to)) + NVa((y(s) = Si, f(y), #)at); [to, r)) 


< L&([ly(to)||) + NVa((y(s) — fi, f(y), tat); (to, r]) 


< N&(|ly(to)|l)-+NVa((y(s)—f2 (y(t), dt); (to, r) (20) 
holds for every r € [to, ti]. 
Define a(¢) = inf-<- u(r), then a(e) > 0 for e > 0 and lim._,94 a(e) = 0. Further choose 
d(€) > 0 such that 2Nd(e) < a(e). If function y satisfying 6(||y(to)||) < 6(€) and Va((y(s) — 
Ji, f(y), t)dt); [to, r]) < 6(e), then by (20), we have 


V(r, y(r)) < 2N6(e) < a(e),r € [to, ti]. (21) 


If there exists a t € [to,t:] such that ®(|ly(t)||) > ¢ and by (16) we get the inequality 
Vié,y() = v(®(|ly(6)||)) = inf,<. u(r) = a(e), which contradicts (21). Hence ®(|ly(t)|]) < ¢ 
for all ¢ € (to, ti] and by Definition 2.7 the solution x = 0 of (*) is ®-variationally stable. 

Theorem 3.3. Let V : [0,+00) x By > R be a function with the properties given in 
Theorem 3.2. If for every solution 2 : [to,t1] + Ba of bounded ®-variation of (*) the inequality 


Vit+n, x(t + )) — V(t, 2(t)) 
lim sup 
n—0+ Uf] 





A(ax(t)) (22) 


holds for every t € [to,ti], where H : R” > R is continuous, H(0) = 0,H(x) > 0 for « #4 0, 
then the solution x = 0 of (*) is ®-variationally-asymptotically stable. 
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Proof. From (22) it is clear that the function V(t, x(t)) is of bounded ®-variation and 
nonincreasing along every solution x(t) of (x) and therefore by Theorem 3.2, the solution x = 0 
is ®-variationally stable. 

It remains to show that the solution x = 0 is ®-variationally attracting. From the ®- 
variational stability of the solution x = 0 of (*), there is a d9 € (0,®(a)) such that if y : 
[to, 1] 3 R” is of bounded ®-variation on [to,t;] where 0 < He <ti< 7 ne is continuous from 
the left on (to, ti] and such that ©(||y(to)||) < do and Va(( Sp rea dt); [to, ti]) < do, 
then ®(||y(¢)||) < ®(a) for t € [to,ti], by the definition a oO ), we a )|| <a, ie for 
every t € (to, ti] we obtain y(t) € By. Let ¢ > 0 be arbitrary, from the ®-variational stability 
of the solution z = 0 we obtain that there is a 6(€) > 0 such that for every y : [to,t;] > R” 
of bounded ©-variation on [to,ti1] where 0 < to < * < +00, / . eer from the left on 
(to, ti] and such that ®(||y(to)||) < d(€) and Va(( See dt); [to, ti]) < d(€), we have 
®(||y(t)||) < © for t € [to, ti]. Define y(e) = de )) i 6 = —N te) > 0 where 
R = sup{—HA(a) : y(e) < O(|lz|)) < e} = —inf{ H(z) : y(e) < ®(||z||) < e} < 0 and assume 
that y : [to,t1] > R” of bounded ®-variation on [to, ti] where 0 < top < ti < +00, y is continuous 
from the left on (t9,t,] and such that ®(||y(to)||) < dg and 


- [ f(y(t),t)dt); (to, tal) < (6). (23) 


Assume that T(¢) < t1—to, t.e.to+T(e) < ti. We show that there exists a t* € [to, to +T(e)| 
such that ®(||y(t*)||) < y(e). Assume the contrary, i.e. ®(||y(s)|]) > y(e) for every s € [to, to + 
T(e)]. Theorem 3.1 yields 


V(to + T(e), y(to + T(e))) — V (to, y(to)) 


< NVa(( = ere dt); [to, to + T(e)]) + RT(e) 





< Ny(e) + RNG) = _ NG. 

Hence V(to+T(e), y(to+T(e))) < V(to, y(to))-No0 < L®(||y(to)||)—No0 < N®(I|y(to)|I)— 
Nbdo < (N — N)do = 0, and this contradicts the inequality V(to + T(e), y(to + T(e))) = 
v(®(||y(to + T(e))|])) = v(y(e)) > 0. Hence necessarily there is a t* € [to,to + T(e)] such 
that ®(|/y(t*)||) < y(e). And by (23), we have ®(|ly(t)||) < ¢ for t € [t*,t1]. Consequently, 
®(||y(t)||) < € for t > to + T(e). Therefore, the solution « = 0 is a ®-variationally attracting 
solution of (*). 

Remark 3.1. If the function ®(w) is defined in last section such that 0 < Pu) < +00 then 
by Theorem 1.15 in paper [5], we have BVa[a, 6] = BV[a, 3] where BVala, 8] and BV a, f] 
denote the classes of the functions bounded ®-variation and the functions bounded variation 
on [a, 3] respectively in usual sense. Hence, the main results of this paper are equivalent to the 
results of variational stability in [4]. 

If lim, 59+ Pu) — = 0 then by Theorem 1.15 in [5], we have BV[a, 6] C BVoa[a, 6]. Such as if 
®(u) = uP(1 < p < +00) we have lim,,_,9+ Bu) 
generalization of variation stability of bounded variation solution to discontinuous system in 
[4]. 





— “ = 0. Therefore these results are essential 
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81. Introduction 
The Pell and Pell-Lucas sequence satisfy the following recurrence relations, respectively: 


Py = 2Pp—1 + Pn—2, Po = 0, Pi = 1; 
Qn = 2Qn-1 + Qn_-2, Qo =Q1 = 2. 


Their n‘” are given by 


P= (1) 
Qn =aqQ” + Bo: (2) 


where a= 1+ V2 and B=1- v2. 
Bozkurt | constructed the right circulant matrices with Pell and Pell-Lucas sequences. 


These matrices take the following froms, resepectively: 


Py Pe. Pe oc Pie ey 
Poi Po PL we Png) Pa-a 
2 Pa-2 Pn-1 Po «. Pha Pa-s 
RCIRC,(P) = (3) 
a ae ee ee 


Pi P, Ps tee Ph-1 Po 
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Qo Q1 Qo .. Qn-2 Qn-1 
Qn-1 Qo Qi «. Qn-3 Qn-2 
Qn-2 Qn-1 Qo tee Qn—4 Qn-3 


4 


RCIRC,(Q) = 


Qo Q3 Qa .. Qo Q1 
Q1 Qo Q3 «. Qn-1 Qo 


He presented the determinants and the ineverses of these matrices. 


§2. Preliminary results 


The following will be used to prove some of the main results. 
Lemma 2.1. 


| 
an 


n 








[o® — BF] wm = ice li ca = pee ae B) 
A w-4™ 4 Quy—™m — J 
where w = e27#/". 
Proof. 
n-1 
1-a” 1— pg” 

bk pk), .—mk 

a [a B “ l-aw-™ 1-—6w-™ 


(La) Barmy (l eB" an) 
1 — Qw7™ — w-2m 
a — BY + (a1 — rt) u-™ — (a8) 
Ww 2m 4 Qyy-™m — 1 , 








Lemma 2.2. 
n-1 





[a — Bt)? _ Q2n + Qin (-1)". 
k=0 
Proof. 
n-1 . n-1 
[a* _ B*] = ee Roy Bp 
k=0 


ae 1— pn -1)" 
+ 
1-a? 1— ? 


Sent 2) ae 

















oe 
2n | 2n qQ?2n-2 2n—2 
= Qon + Gans ( 1% 


Lemma 2.3. 


S- [a k 4 gry? — Qan Oana 2 (-1)". 
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Proof. 


Sat +8*]° =. al a2 + 2(ap)* 4p") 


k=0 k=0 


i= 1— 62" = 
2 Tae +2($ a 





1-a? 1— ? 
(1— 02")(1— 6%) +0 — BV 
(1 — a?)(1 — 6?) 
=A (a + 6R) ~ (029 + 6-9) 
_4 + 








= Gant Gan-2 + 9 (-1)". 





For the rest of the paper, we will use |A], ||A||z and ||A||2 to denote the determinant, 
euiclidean norm and spectral norm of matrix A, respectively. 


§3. Main results 


Theorem 3.1. The eigenvalues of RCIRC;,(P) are given by 


(Pr-1 — 1)w7™ + Ph 
Am = : 8 
ww 2™M 4 Jyy-™M — J (8) 





Proof. 


1 
Am = Pag?’ 


3 
| 


3 > 
rR Oo 


[ak — BE]w- me 
2/2 
=p (er Bs eS a8) 
2/2(w-2™ + Qw-™ — 1) 
(Pr-1 — 1l)w™ + Pr 
w— 2m 4+ Qy-™m — 1 


o 


Qo 
3 il 








Theorem 3.2. The eigenvalues of RCIRC,,(Q) are given by 


cise CaM, (9) 
W72™M 4 9y-M — 





Lm = 


14 
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No. 1 





Proof. 


Um 


Theorem 3.3. 


|RcrRc,(P)|| . 


Proof. 


|RcrRC,(P)|| 


Theorem 3.4. 


| RCIRC,(@) 


Proof. 


| RCIRC,(Q) 


Theorem 3.5. 


Phi - 


n—-1 

as On 

k=0 

n—-1 

So [a* Sy ead aa 


k=0 
1—p" 


l-a” 
1—-—aw-™ i Bu-™ 





(I= a”)(1 = Bw”) + (1 = 6") - aw) 





1 — 2w-™ — w-2m 
2— Qn Deg Qn—1w"™ 
1 = Qw-™ — w-2m 
Qn4i + 2(w-™ = 1) 
wm + Quy — 1 











= VV 2n(Qan + Qean—2) =— 


(—1)"64 











8 


(10) 





0 





rae, 























= JV n(Qan + Qan—2) +8 — Cit 











- 2 





n-1 


nD Vlas + By 


k=0 








E 








i [Se + Qan—2 
n ae 
4 





Vn(Qon + Qon-2) 4 








2 


eee : 
2 * <|rcrrc,(P) 








< 
4 _ 


Pati a1 


2 
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Proof. Note that 


| RcrRC,(P) 








= max {|Aml} 


hence, we have the following inequality 


\|(Pr-1 — 1)w7™|- Ph 
|w-2™ 4 Qy-™ — 1] 


2 \(Pn—-1 — 1)w7™| + Ph 
~ fw ?™ 4 Quy-™m — ]| 








Z | RcrRc,(P)||, 


ye cae eee > Pre -1 Pa 
en ne < |RcrRc,(P)| < fe rs a, 
4 2 2 
Pr-1-Pr-1 5 Pati-l 
$$ <]||RCIRC,(P | < —__.. 
4 =. | ca 2 2 
Theorem 3.6. Q Q re 
2-1 <|ncincg),< 24 Hs 


Proof. Similar as the previous theorem 3.5. 
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§1. Introduction and preliminaries 


Definition 1.1. Generalized Gaussian hypergeometric function of one variable is defined 





by 
41,42,°°* ,;@A 5 CO ( ) ( ) ( ) 
1 )k\G2)k °° \4A)KE 
F = 5 
ce “ » (b1)u(b2)x ++ (ba) ak! 
by, be, i ,bB 9 
or 
(aa) 3 (aj)jia 3 os ta Sie 
QAA))kZ 
ALB Zz ALB : z d (bp) ek!’ ( ) 
(be) 3 (b5)ja1 3 
where the parameters 0, b2,--- ,bpg are neither zero nor negative integers and A, B are non- 


negative integers. 
Definition 1.2. Contiguous relation [E. D. p. 51(10), Andrews p. 363(9. 16)] is defined 
as follows: 


, bo; a+1, b ; a, b+1; 
(a — b) oF, z =aok, z —b oF, Zl. (2) 
Cc 3 Cc } Cc ; 


Definition 1.3. Recurrence relation of gamma function is defined as follows: 


T(z+1)=2zT(z). (3) 
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Definition 1.4. Legendre duplication formula [ Bells & Wong p. 26(2.3.1) | is defined 


as follows: 





POT) TS) 
l(a) 








6) 


Definition 1.5. Bailey summation theorem [Prud, p. 491(7.3.7.8)] is defined as follows: 











a a,l-a ; 1 T(g) 1() Jr T(c) 
2-1 = cta c+tl-—a -_ c— cta c+l—a\* 
c 22| PES. 2 tne) nea) 





§2. Main results of summation formulae 


Vm T(e) | 40015948329812641136799430213632000000 | 
ae re) TS) | 





—74697042588755634816870901715435520000a 


re) Te) 


45701551565700312458589664488136704000a? i 


re) 


—12557326585358016296749495447708262400a? és 


PS) 12) 


a 1607017301962727354472466577244395520a* 4. 


1) 

















- —66334092838839671097859298211598848a° — 4173963485546119223032377440607360a° 


(7) 





re) Te) 


, 354268334898336692529886398612096a" + 6493428631831030022245150741472a® 





re 





: Tt) re) 


4g 695228979926866432431858936a'! + 20318017073982774702824162a1? ‘a 


T(S¢) rata?) 


rs —181081529755913127436368a!? — 12758198887309415982820a"4 "7 


re) 1) 








2 














—716075598615688398506581518048a9 — 13409906223325457338650846040al° i 


T 


T 
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_, —13809757878112295384a"? + 1948115287787037182a'° + 46874133673870272017 


r= | 





_ 257645168805200a"* — 1896116954424a'® — 31420958338a7° — 13683700847" 


1) | 








4 329800" + 11760" + 2a*! + 102873723702221439014473177529057280000¢ 


TY) T(z) | 


gees eae CENA TOLD a Uo p aces de OOUNGe. 


T(S*) T(cter) 


,69785186656677903329815708782664089600a"¢ 


| re) 











,—15254087824286337343500853016781127680a"c 


re) es) 


, 1470184367841770478008747704464310272a%¢ , 


TY) (See) | 


4. 725186819706236967969752199080869888a"¢ — 4916413813362186868890467613499392a"¢ 














ee hea) | 


_, 180523758084624041877205846241280a"c + 9444650003452625898653645586432a°¢ 


Te) Te) | 


,_—290073752007187728910991044608a"¢ — 13790932677896490825858473472aN0c 
PS) TS) 
_, 13216825 4665462941656989440a!'c + 11478210451803468174127872al%c , 


r= : 














, 82419396059301592042752al¥c ~ 3441243829617943295232a!"¢ 


1) Te 





4, 768832268710004800000a!Pc ~ 120844174461424128al?c + 8743439744911872a!%c 


re) 1) 


96443587688448a!%c + 222439176960a!%c — 2314760448a"c ~ 16144128a"'c | 


re) 1) 


+ 








4 729952a%¢ + 107759352272213925707820568758190080000c" 


re 





4, 11960479 1694733248989672753097867264000ac* | 
re) es) 


_, 46915581673954062917864644291866132480a"c* 


re) 1) 


_ ~8179716567466648414966719773717397504a3 C7 


| Tet) P(e) 











572414151475230486442581108591747072a%c* 


re) 1) | 
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_, 42251228157620795596932378127749 12a" c* — 2107743828904816275105349039067648a°c? 


ate) | 





' 21777324127000959865037942782208a" c? + 3811313237604914006353415570432a8c? 4. 


re) 1) 








ne 17208144178264485968744984832a°%c? — 4072656512763355130085794976a10c? i 


re) 


re —30448585606100284800091824a1!c? + 1971285851965809130849552a!?c? xe 


re) 


37909392941438882335472a!3c? — 136814112867707752048a!4c? a 


re) 1) 








, 710018332037253860320a!?c? — 86695521821402208al%c? + 228479601333984a1" c? ; 


Tt) Te) | 











~. 7725554252416a!8c? + 40796996240a!9c? + 25577552a7°c? — 336336a71c? ds 


re) 1) 


a —624a72c? + 64423398177963803144998543335358464000c? 


re) 1) | 





—58300150202899337016565241575133675520ac? 


re) 1) 


, 18691960982318475085206332143677997056a7c3 
rE 








—2586065877925151796735934133731590144a3¢3 


T(S*) r(cter) 


122171345804374971207330799098003456a*c? 
re) TS) 














_, 4533540855919510991454734335180800a" c? — 467631969431579769690069597929472a°c? i" 


re) Tes) 


—4697327171517980882726705283072a'c? + 722969542181022180843132002304a8c? 4 


| re) 1) 


9083202730777950404000716800a%c? — 529578571988520511523748864a1°c? 4, 


| (2) TF) 








—11402466632175022106486784a1'c? + 108169499556766290779136a!2c3 


re) Te) | 








_, 5063222588621911633920a'¥c? + 32000805092958873600a!4¢3 — 498995580905902080a1%c3 = 


re) 1) 


4, 78205717988435968a!*c* — 29314507622400a1"c? + 167330042880a!8c? + 1506785280a!%c3 ' 


Te) Tee) | 

















2 3075072a7%c3 + 25347138973058359260380026128826368000c* fi 


re) es) 
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—18978543797716490715225178573727858688ac* 


r= 


4991684025479138391935744923474722816a7c+ 


re) es) 








—541099749641591095487701589399519232a3c4 


1) 








ES 14606689411535623104290723942940672a4c4 fe 


re) 1) 


1292549598384288914173152912040960a°c* — 59385691383614919077242368788992a°c* fs 


re) 1) 





as —1892451113166353101369696786944a' c* + 72169632318929524275249528576a5c4 i 


Se) 





_, 2228687725 107369556056237120a? ct — 28472710924167755430485664a1°c* 


r= | 


a —1409430360340354713769408a!'c* — 5501770617352422372960a!*c* db 


re) 1) 


ie 297674907085096661120a1%c* + 3995332631611006400a!4c4 + 1153916414851200al*>c4 if 


re) es) 


44. 7295200075538368a!Yct — 1932687556800a!"c* — 1947065120a!8c* + 15695680a!%ct 


re 











| 
T 





rf 32032a°c* + 7099535118854336323202874869003845632c° " 


T(S¢) r(ctet ) 


—4432336230110420896646668265044574208ac° 
1) 


955466413384038667615798431427067904a7c° 


re) Te) 


—79380397141399923587473758714593280a%c° + 643805931621664284893495124295680a4c? 
cs c—a c+ta+49 aa 
Le a 
209465328810891152290757390991360a°c*® — 4028319000276505780447170035712a%c° “: 


re) 1) 











i 
T 




















—290915966729411309455672688640a"c® + 3124145533111366614800302080a8c° a 


re) Te) 


_, 241803413658639276317153280a"c? + 584445378775657625081856al0c° 


re) 


4. 787844798556732071895040a"" c° — 1067805772051345367040a!*c° | 


TY) (Se) | 


, 6128657556733071360a"*c? + 189548697075978240a'4c° + 958658985123840al%¢° te 


re) 1) 





{ 
T 
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rs —3202625986560a!®c> — 40683202560a!"c> — 92252160al%c° Pa 
re) =) 
1487119300880904242605217024921567232c° — 776777553617389082534820001691467776ac® ; 
(5) 2) | 
136593392051968205997829269713846272a7c° — 8388092183067964659019677414162432a> im 


Se 




















“s —91340670507632683968759660462080a*c® + 22224973282782547275305692944384a° c® m 
re) 


2 
; —35529674554603169040172140544a°c® — 26210702433049018598332609536a" c® 2 
| tea) 


2 


—103200723777727230528706560a'c® + 14895636537534753758389632a c® 
| 1) 1s) . 
2 


2 
182403094584283413160320a!°c® — 2663633385875852662272a!!c® 
ae I(S2) rita?) ue 


2 2 


























rs —62256983715951664640a!2c° — 174817816321564416a13c® + 4084756093786368al4c® 2 
PS) 12) 


2 
34430420344320al°c® + 48609200640al%c® 


282522240a!"c® — 640640a18c® 4, 
re) es) 


2 





@ 240838218499636521398013613710508032c’ — 105287696394810237973591256098406400ac" a 
1) 


2 
is 14976654351475036084045130810523648a7c" — 638818690035905266292950472589312a%c" ; 


re) SE) | 


—20960541592500617722444448268288a*c’ + 1615109961509085989321865953280a>c" 
, 1) ° 
2 2 


_, 21023698439479542356321501184a'c! — 1497276217131824539913158656a"c" 


MS) 1) | 


; —23179379774042918881787904a%c" + 515692831831999968706560a9c” is 


| re) TE) 


12163046240440205180928a!c? — 6024819137364099072a!!c’ — 1837489800964866048a12c" 
rs) Ss") 
—12946877731307520a!8c" + 23007583272960a!4c" + 495947612160al>c" + 1265172480al%c" te 
ee 
30871602486909275910830889875013632c8 — 11272571429148914722533062085705728ac® 
+ c—a cta+49 a 
ag) he) 
5: 1280968945576182794260760676794368a7c8 — 33589734750958810846109982916608a%c8 4: 
r(S2) T(349) 















































3 —2206717841266713417081546031104a4c® + 79728366271118889239432724480a°c® in 


re) Te) 








22 Salahuddin No. 





“i 2306069297890733863547265024a%c° — 52263325577453158896279552a" ae 


re) = 


—1561668419447767019271168a%c8 + 6335745740330385899520a9 8 


rs) Ts) | 











433099863114577072128alc8 + 2445053402814038016a'!c8 — 26209896905127936a!2c8 * 


re) 





& —303502718238720a13c® — 568422666240a14c® + 2583060480a1°c® + 6589440alec8 


re) 


c 3185642085289031342835468884508672c? — 967550638958541171077959970193408ac? e 


re) 1) 





3 86299774734978829551171583082496a7c? — 998945521658261204553034629120a%c? Ka 


re) 








; —153617690085710615493130321920a4c? + 2411197000642734061356318720a°c? @ 


ine ca) T( ctards ) 


& 137452472767000072564506624a°c° — 785064641247377381130240a" ce? ey 


re) 1) 











; —61009257199589456609280a'c? — 256032809547607572480a°c? a 


| re) Te) 





_, 8769591108516446208a!"c? + 88785671187333120a!!c? — 46103447470080a12c? 


re) Te) | 





z —3278764769280a!3c? — 9559080960a!c? + 267889258438085483657974117302272c!9 %: 


T(S*) r(ctat) 


; —67263084939581397145810722881536ac!” + 4593733502680143944975661400064a7c!° a 
re) es) 
, 8539339140610043749157830656ai cl — 7676662187554452553435054080atc!? 


re) 1) 











| 
T 





i 19441815522855857897013248a° cl? + 5387422458233145326796800a° cl? 4: 


re) Te) 


4, 20474586985880613634048a"c! — 1490183150114131066880a%c!° 


Te) (ee) | 








- —14543250526116888576a9c!” + 83327898738180096al°c! + 1503081400877056at! cl? 





MS) Te) | 


, 3662123745280al?clt — 13661519872a'$c!° — 39829504a!c10 


re) re) 


cs 18518169236138399504184033411072c!! — 3812360305782072606527229788160ac!! i 


re) 1) 


| 
T 








vi 192340688684970209357454114816a2cl! + 2855197808016937994321657856a3c1! 


re) 1) 


| 
T 
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—281873037311025074002722816a*c!! — 2077996489024813179863040a° cl! 
a c—a c+a+49 + 
ee Le) 


143506954311464043675648a%c!! + 1541710276583120437248a" cl! 
c—a c+ta+49 oF 
beg Ss) 


—21366367851509710848a'c!! — 341036842572840960a9c!! — 235238901940224al%cl : 


rT» 


12876603457536a!!cl! + 43797970944a!2cl + 1058340146221982392995043868672c!" . 
re) re) 


me —176775637161072795796969095168ac!? + 6235849644708280985967394816a7cl? = 
PS) 2) 


179112003462820022860382208a3c!? — 7549631558688412740485120a*c!? 4 


Se) 


—121866570019913213214720a°c!? + 2500009663439970992128a%c!? 
+ c—a c+ta+49 + 
a 


; 44613295101771841536a" cl? — 113644325380325376a%c!? — 4446228579287040a°c!? a 
| rete) 


—14131384909824a1%c!2 + 44710428672a!! cl? + 152076288a!2c!? 
ay c—a c+ta+49 
eg le) 


_, 50169135355853067670825992192c!* — 6709363518959579397365956608ac!% 


re 


150614391320542327439622144a7c!% + 7039163305933896564080640a%c!8 ie 


T(S¢) T(cter) 


—140953864332077212631040a*c!8 — 3711753500792413224960a°c!3 
c—a c+ta+49 + 
erga) Ss Cae 


23530276519912931328a%c!8 + 762927749215027200a7 cl + 1587081243525120a8 cls 2g 


Se) Te) 


4. 731366085345280a?cl¥ — 128024838144a1%c!8 + 1974250608891543017637281792c!" 
r= 


; —207912674105719908850466816ac!4 + 2433971414854765171965952a7c4 4. 
rs) 1) 
‘ 197419671000565497200640a?cl4 — 1569222994723146301440a*c4 a 


re) Te) 


—73662625200783360000a°c!4 — 28046683124662272a%c!4 + 8006131050086400a" cl4 
+ c—a c+a+49 + 
a a cae 
33986276229120a%c!4 — 93351444480a°c!4 — 381026304a!%cM4 i 
re) =) 

64395185753779071029870592c!> — 5229548355031289718374400ac!° 
c—a cta+49 + 
Ba ea) 






































| 
T 












































24 Salahuddin No. 





en 14788626650875350220800a2c!° + 4080138857445379276800a%c!? 


r= | 


i —1838738814365859840a*c!> — 984309579582013440a°c!> — 3963648988938240a%c!® 2 


re 


, 47795939573760a"c!? + 243856834560a8c! + 1733754269178556886024192c!° fe 


re) Tes) 











re —105699998215764315209728ac!© — 462776974461593190400acl® 


re) Te) 


62047273223138574336a3c!® + 274014892392579072atc!® — 8585594583121920a°c!® is 
| rete) 


—51289950781440a%c!® + 124468592640a7cl® + 635043840a%c!® i 


u T(S*) r(ctat) 


4: 38253074247649509507072c!” — 1690248262256299081728ac!” a 


T(S*) T(ctat) 


Bs —17030905158269140992a7c!" + 677374598861291520a%c!” + 5103823135703040a*c!" as 


re) Te) 


i —44281532252160a°c!” — 301234913280a%c!" + 683995510182533660672c!8 i 


1) = 


























4: —20883614573480902656ac'® — 300907292140765184a7c!® + 5031796612792320a%c'® i 


re) Te) 


47159301898240a*c!® — 102503546880a°c!8 — 697303040a%c!® + 9749520870090473472c!9 de 


re) 1) 


re —192157335441899520ac!* — 3363268429086720a7c!° + 22788156948480a3cl9 i 


r= 


_, 232532213760atc!t + 108101378949251072c?° — 1238931957874688ac”° 


re) 1) | 


ii —24121180160000a7c?° + 47475326976a%c?? + 484442112a*c?° + 898096988946432c7! i 


re) 1) 

















4 —4991691522048ac?! — 101871255552a7c?! + 5257174188032c?? — 9453961216ac?? o 


re) Te) 


—192937984a7c?? + 19327352832c?3 + 33554432c*4 x 


PS) TS) 

















ae 174640699428026688529844729138380800000a 4 


ie coghl ) T( che pon ) 


_, 203146678984534054497568403939819520000a" 


re 4 Ewe obo) 


ee —85138755175820398653100504242008064000a? 


T( coat) ) T( ctat50) 
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25 





_ 16061280659531143673149881316338278400at 





c—ar 


i 


Lq- 


P50) 





2 


4 1222084280207838423985096126241433600a? 


RS 


2 





c—ar 


Lq- 





M$ 


)r(s 


a) 


784460407216745090330911562252800a" | 





4 = 12283691196452377116468673849996800a" + 5 


c—ar 


Lq- 





rss 


AS 


fe T 
i 50) 





4, 764163356321096906750752842736000a" — 13694126502362695192734160137600a" 


c—ar 


Lq- 





Tr 
_ 70187206573178654636297887200a" 


2 


LEC 


a) 


° + 19908972323990635614823432800a'! 





T( c—art 


Lq- i 


r50) 





2 


1 ae 


_, 173269159811839104008127000a"* — 13877737266129829896585600a"* 





c—ar 


Kr 


i= 


Lq- 


r50) 





2 


ge pale pov E ras ey) 


2 


a + 1564939330380426184800a1° 


| 





c—ar 


Lq- u 





res 


137080053389848041000al° + 153150370061 


ye 


Lt50) 


45 





c—arq 


18400a!7 — 5877737170852800a1" | 


Lq- 





iS 


1 


ya 
1000a? 


to) 





4, 7269958340159200al? — 21656437 


c—ar 


= 22715616004"! + 620532000" 


iq 





Tr 
352800a?? + 600a4 + 1746406 


2 


9 
4 


Ge 


ey 


See OOS TGR is2e ates 1 eS2U TSO e.. 





cr-a+ 


Ty 


Lq- 


r50) 





2 


De 


Sde2 PO sO 010 Tea On Ie OMe otece lee, 





c—ar 


Lq- 





iss 


JAS 


-to0) 





, 402516691346265375314108597722509312000a°c | 


c—ar 


Lq- q 





M$ 


)r(s 


a) 


675310990146311475200a%c | 





Game eee a 


c—ar 


T 





a 





nss$ 


_177893222389140856987608 


)rs 


i _) 


78421723806720a"c 





: cr—a+ 


Tr 


ray50 ) 





2 


LE 


2 


—839642652359017269802420497774739200a°c 





c—ar 


Tr 


ee 


Lq- U 


E50) 





2 


4 43737799664111358026071194502939200a"e + 4 


327054136964868650145069269816000a"c 


i 





c—ar 





ee 


(S45 


rat 50) 





l c—ar 


,65710116059613413534021275073520a%c — 8866517878966272728311508397200a"c | 


-a+50 





rss 


ye 


) 


2 





4 150823836484592478601551835500ac + 8809059086367927385757986500a!"¢ 


c—ar 


-Fa+50 





NSS 


_, 245730574725150062467057345a!*c — 2419735295216118363229200a'*c 


A= 


) 


2 


| 











c—ar 


r 








-Fa+50 





2 


pL 


) 


2 
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Salahuddin No. 





a —158884196614329578449050al4c — 1380872827191951285500a!?¢ 


T( oe ) r( ctateo ) 


24710949541561727895a!®c + 584963403786946800al"c + 3188363454621400a"%c 


T( cmt ) T( ctat50) 


4 —23871357856500a!c — 392868365505a?°c — 1709061200a?!c — 409650a?*c 


rset ) P(ctatee) ; 


; 14700a?%c + 25a74c + 329717988586925953482621073961779200000c? o 


T( oe ) T( ctateo ) 


i —593610115863251160379838852807786496000ac? 


(oe ) T(te0) : 


i: 332339392507645324571342448478991155200a7c? 


T( ae ) T( hep) 


a —80292001276403892913036261386947788800a3c? 


T( mink ) T( ctateo ) 


, 8435752253978765649343405490604441600a4c? 


T( cmt ) T( ctats0) 


—182800700903842751424899605150310400a° c? 


T( cmat ) T( ctat50) 


—27864925923991726587974486723020800a°c? 


T( couch ) rf chet) 


, 1153485575395825211251677531417600a" c? + 54557531398454979304743054796800a8c? §: 






































| 
T 
































T( a ) T( crate ) 


—1866238092614775212796148761600a%c? — 82875721352461554443602089600al°c? a 


T 





T( c—a5 ) T( ctats0) 


_, 896036369449822368051211200a!'c* + 71047302433059217158129600a1?¢? 


T( catch ) re cheb) 


_, 483566295038792118753600a"*c* — 21705016205569712558400a!4c? a 


ry Ce ) re ctateo ) 


—427069008643285008000a!>c? — 704037139627536000a'Sc? + 54829120781635200a1" c? im 





| 
T 

















T rset ) T( tee) 





601725264940800a18c? + 1380827448000a19c? — 14486472000a7°c? — 100900800a?"c? a 


T( fat ) T( chet) 


—187200a?2c? + 276232179692810109214204037425004544000c? “, 


T( uk ) rt ctateo ) 


rs —361016488745751900835386008702130585600ac? 


r(¢ 4 ee “150 ) : 


" 157654746786562756857346716177587896320a7c3 


T( cmt ) T( ctat50) 
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seeneh etoaeees) 


406338901058806169600a3.c3 








Tr( c—a+ ) T( cta+50 ) 


2 


2 


_ 2261040469101812046662593980909465600a*c? 





T 





2 


T( cr—a+ ) T( ctat50) 


2 


_ 7467962566571130491482924613606400a? c? 








2 


T( c—a+ ) T( eray50) 


2 


_ ~8288810131500283801973700171383040a°c? + 105753830113991285004211505699200a7c? 





p(s ) Pi eeerst) : 





2 


2 


,_15276314790358723950186005280000a"c* — 89839656535308780981746947200a"c* 





T( cr—a+ ) T( ctat50) 





2 
(as ONO ROS 8 NeO p(s OOo rea IbeNa 


2 
ct = 115201961703676996712982600a!1c* 








T( cat ) 1B crayso) 


2 


2 





,8257727829380832345907000a1*c* + 155470133092201748020200a'c* 





T( cat ) T( cta+50 ) 


2 


2 





4, 603234005661019847400a"'c — 41751662349615218000a!%c* — 358769923659518800a"%c* 





T(¢ a 





2 
, 968095828299600a'7c* + 3220601624240 


) r( c ar50) 
Oa'$c? + 169856687000a'%c? + 1063062000 C3 | 





T( cr—a+ 





2 


) T( ctatod ) J 


_— 140140007" c* — 2600a%c* + 138505441369671545827613807716230758400c! 





T 





nos 


) T( chaon ) 





4, 7 141033120649691397441988498324822425600act | 





See 


) T( cra +50 ) 


, 49191424454401897055805697928999731200a*c! 








noe 


) T( ctatod ) 


_ —7286784027262375583445490685229465600a%c4 





T 


im cat 


) rf etat50) ; 





2 


_, 374067588927556175588296387795353600a"ct 


2 


| 





T( c—ar 


) rea) , 





2 


2 


_ 12066879415392989959435569486336000a° ct — 1418367801582681846899974223616000a%c* 








noe 


) F( ctatod ) : 


4, 11724885340790270723926442035200a" ct + 2225577070203302581076302156800a%c! 








ee 


) T( chee ) 





4, 25892642522406895816692384000a?c! — 1660403587242510892624752000a'0ct 


T( c—atr 





2 
4, 734718000105624284415366400a! 


) ine ctateo ) 


‘et + 349058892421463336112000a'?c4 








I(¢ a 


) r(¢ ay50) : 





2 





2 











_, 15758070846864650304000al%ct + 98029228370495136000a1*c! 





T( cat 


) ie ctat50) 





2 


2 


28 
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No. 





_, 2960056649806039350518792618176000ac? — 1478 


_, 1628516051137267451572910992588800a%c® + 4131 


4, 1569321907433280000a!? ct — 25609443449990400al%ct — 91184052960000a'%c 





Tr 
_, 5238673440000" c4 


ae ) T(ctatee) 





+ 4708704000aM°ct + 960960007 ct 





I 





cmt ) T(tee) 


8963726258689199082307584c? 





_ 4710313718082 
T Tr ( 





cat ) P(ctatee) 


,38606916894738607152732025212449587200ac? 





T 


Py 
gy See se ye ADee 





te ) T(ctatee) 


838905945144160621363200a7c° 





Ty 


cmt ) T(tae0) 





47 1250646162787845304931184049334476800a"c? 





Tr 


at ) P(ctatee) 





_, 37484137237073610387082179113287680a"c” 





Tr 





ee ) T(ctatee) 





Tr 


_ ~4407777576011344380877953734400a"c? + 1 





cmt ) T(te0) 





T 


Tr 


_, 5386052499736584815450220000a"c? — 73426510897677856161406800a'%c° | 





cmt ) T( tee) 





i 





cout ) T(ctatee) 


4, 73490081968585840976348000a""c? — 12978357558398102190320a!*c° 





Tr 





oth ) T(ctatee) 





35927587805127993477304710400a"c° 


81587707284941430929852497280a%c? 


4, 7463477 14949116280000al¥c? + 9937225737538642400al4c? + 2454621732763200a1%c? 


Tr 


4. 738607265716320ai%c? — 4828187364004!" c? — 4859654800a!*c? + 39239200a1%c* 





cmt ) T(tae0) 


| 





Tr 





catch ) T(ctatee) 


8008007? + 11643512284338078214932291209134080000c" 





r( 


te ) T(ctatee) 





4, 77811846265289713988464106586033356800ac? 





r( 


cmt ) T(te0) 





1782447335346527348520040105063219200a7c® 





T 


Tr 





faut ) P(ctatee) 





4, 156185991237696882904399849104998400a%c? | 





r( 


Cte ) T(ctatee) 





r( 








_ ~8682292288286157632177578598400a°c® — 5 


c 4 mae “150 ) 





r 














cr—a+ ) | ay ease 





2 2 


30655084688778826418431795200a"c 


84337996155409991642835251200a‘c? 
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a 6839225908971453044632166400a8c® + 496205711149910054823129600a9c® m 


T( te ) T( ctateo ) 


1041291387682609641177600al°c® — 182911277098225554278400a!!c® ey 


ry cmt ) T( ctat50) 


re —2197804342078164019200a17c® + 12956443561424563200a!3c° 


(et ) T(ctatee) ' 


, 394556420664806400al4c? + 1989973649664000a1°c® — 6690587904000a1%c® 


rset ) T(ctatee) 


; —84756672000a'7c® — 192192000a!8c% + 2185434017754672893827554567467827200c" 


re cmt ) T( ctat50) 


= 1210576372193996556349018510039449600ac” 4 


T( taiet ) 1B chron) 


EF 223356114720461583695372389167267840a7c" 


ry ee ) T( ctateo ) 


“ —14417840115170057077040994071756800a?c" — 127654808190213133895037229670400a4c" re 
T( cot) ) T( crato0 ) 



























































ie 38362342001061342556663535539200a°c’ — 100943627312800952414696545280a°c" 4: 


T( cmt ) T( ctats0) 


—45930295596168058484716070400a7c? — 158519703458949712693632000a%c" ai 


T( couch ) T( ote) 


26491220954206657796347200a%c’ + 318516097490735070738240a!°c" a2 


r( teh ) T( ctateo ) 


. —4796976148767599596800a!!c” — 110735713090730041600a!2c7 re 


T( cmt ) T( ctat50) 


—307118684131459200a'8c? + 7303674051273600a!4+c’ + 61439842464000a!°c" 4 


T (3 ) P(ctatee) 


4: 86692320000a1%c" — 504504000a!"c? — 1144000a18c" 


ine te ) F( ctateo ) 


; 320841683284681063430490974846976000c® — 147261685663349662978242993822105600ac® 2 


T( cot) ) T( tatoo ) 















































_, 21828588787720013764469751624499200a*c* — 978764458188092993647066703462400a3c% 


T( fat ) T( het) 


4: —29937782516869216684714136371200a*tc8 + 2477913960753858299794587648000a°c® a 


T( ce ) T( ctateo ) 


, 30306732837796421151215616000a°c* — 2324406168836210117372313600a7c® 


re 4 mae “150 ) , 


—35079004867678815190118400a'c® + 810488727074359517184000a9 8 if 


T( cmt ) T( ctat50) 


| 
T 
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of 18840273819769239552000a!c8 — 11075412804186931200a1"c® " 


T( te ) T( ctateo ) 


4, 72870202835480780800a"?c* — 20168019615744000a13c8 + 36128581632000a'+c8 ; 


1 cmt ) T( ctats0) ; 





























, 774918144000a1°c® + 1976832000a'ec8 + 37623854094699788409092847834234880c? 


rset ) T(ctatee) ? 








—14310486246486860625946551595827200ac? + 1685406368191632966927765317222400a2c? 
c—a+l1 ct+ta+50 - 
= 
i —46774053309260554179902883430400a%c? — 2907367898999056189584016384000atc? xf 


T( cot) ) T( ctat50) 











vy 110290157599761586095108096000a°c? + 3091438308324915618903142400a°c? rs 


T( cagtl ) 1g heen) 

















é —73000241928734665517772800a'c? — 2137975103648864229235200a8c? < 


T( gil ) T( crate ) 











_, 9101205323954551808000a?c? + 599787058295388620800a!c? + 3364607652652646400a!!c? 5 
T( coor) ) r( craps) 


—36478880044006400a!2c9 — 421246938112000a1%c° — 788646144000a4c® 





T(=e ) T(ctats0) ' 
3587584000a!°c? + 9152000a'®c? + 3578017643742734189270453452800000c!” 
ae c—a+l1 cta+50 a 
ee ee) 
—1124822208152756932629830094028800ac!” + 103529588791248473877009294950400a7c!° 
A c—a4+1 cta+50 as 
Me Ee) 
7 —1311215108521671070577904844800a%cl° — 185621293383786411465336422400a4c!° n 


T( cmt ) r¢ ctats0) 


























is 3060077972270587621992038400a°c!" + 168536740537058850462105600a°c!? 4 


T( ach ) ia chee) 





“a 1016343899030933407334400a"c!° — 75771265876540543795200a%c!° . 


T( fe ) T( ctateo ) 


a —312238666563644620800a°%c'? + 10967326380122112000al°c!? 


(oo ) T(tee) 














o 110687000154931200a!'c!° — 58633012838400a12c!9 — 4098455961600a'3cl? 


T( fat ) T( chet) 











a —11948851200a'c!® + 278986102350768311768576111411200c"" 


T( Ce ) F¢ ctateo ) 


—72124888712454702873593459507200ac!4 + 5065553589978581619224540610560a2c1! ny 


r(¢ 4 )re at50) 














2 


5329959949354438689384038400a%cl! — 8535575626577387683612262400atc!! i: 


ae ry cmt ) T( ctat50) 
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i 25100649148683283563315200a°c!! + 6059556534266084019322880a°c!4 rn 


























































































































re) [ (Seas) 
22155491991978909491200a7c!! — 1690530802659461734400a'c!! 
T (242) T(staeee) 
4. 716415314891981824000a¥ cl? + 95043876381941760a!°c!! + 1706929285734400a!c!! : 
T(=3) (ees) 
, 4157702348800a17c!! — 15524454400a!3c!! — 45260800a!*c! 
T() T(Se380) 
ti 17973019590141218234189217792000c!? — 3792934708034192465188198809600ac!? 
T (342) T(staee) 
Ha 196285879020447610271642419200a7c!* + 2786214843661751921698406400a%c!? ie 
Te) [(ae30) 
ze —289801563760060600614912000a4c!? — 2064705306471178076160000a°c!? % 
Tes) T (ea) 
Fe 148846508105105620992000a%c!? + 1585317292830248140800a" cl? 
T (242) T(seaee) 
—22299454819830988800a'c!? — 354397212868608000a%c!? — 241573183488000a!%c!? 
T (2342) T(staeee) + 
mn 13413128601600a!'c!? + 45622886400a!2c!? + 961450433202482165846785392640c!% 7 
T() T (ao) 
re —163998227183988503762121523200ac!3 + 5924648410475117616444211200a7c!8 ee 
Te) (aa) 
166515545915840350896128000a%c!? — 7213269573432725603942400atc!# 
| T (342) T(t) Zi 
; —115037909882834792448000a°c!® + 2404631605453956300800a° c!3 
T(es) T (e350) om 
42663988630042214400a" cl? — 110264137559654400a'c!? — 4272497037312000a9c!3 
T(=s)) T(sea50) + 
* —13576756838400al°c!8 + 42990796800a!'c!3 + 146227200a!?c!% | 
T (342) T(eeaee) 
_, 42819108327436116421509120000c!* — 5828749054688624947023052800ac4 | 
T(=34) T (e380) 
; 133998221660012686186905600a2c!4 + 6158133813035578687488000a?cl4 
T(=24) T(Sa8n) + 
; —125789151018504683520000a*c!4 — 3283349863865057280000a°c!4 
T (342) T(statee) cg 
21132740770489958400a%c!4 + 679691867258880000a"cl4 + 1409416298496000a* cl4 ie 
T (342) T(staee) 
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4 —28005433344000a°c!4 — 114307891200aMc!4 + 1588225843907503003480883200c!° ie 


T( a ) T( ctateo ) 


—169762020930124137680076800ac!° + 2043378481535587823124480a7cl° 


1 cmt ) T( ctat50) ; 


, 162454135634000379904000a%c!° — 1316763562211776921600a*c!” a 


Ef cat ) T( chee) 


4: —61099456493769523200a° cl — 21663400701788160a%c!> + 6667626921984000a7cl® ) 


T( a ) r( cta+50 ) 


6 28300728729600a8c!° — 77792870400a9c!° — 317521920al?c! . 


T( cmt ) T( ctat50) 


48967663640865914486784000c!® — 4025992923028302436761600ac'® 4 


T( at ) T( heron) 


2 12152046118550057779200a2c!® + 3163650334517152972800a%c!® ; 


rset ) T(ctatee) ’ 


i —1616946504361574400a*c!® — 767423554781184000a°c!® — 3085932036096000a%c!* mn 


T( cmt ) T( ctat50) 








| 
T 




















2 


























; 37340577792000a7cl® + 190513152000a%c!® + 1249348776871366450216960c!" 4. 


T( cmt ) T( ctat50) 


—76939510335577862963200ac!” — 329033249485284966400a7c!7 i 


T( cout ) rf chen) 


; 45434381571765043200a%c!” + 199713870087782400a*c!” — 6309093310464000a° ct” Ee 


T( a ) i ctateo ) 


. —37687050240000a%c!" + 91521024000a7c!” + 466944000a8c!” x 


T( cmt ) T( ctat50) 


z 26180456293639127040000c!8 — 1166186969396202700800ac!® fe 


L( atch ) rf eat50) 
































2 
- —11694085683491635200a7c!8 + 469496995774464000a%cl® + 3535117221888000a4c!® " 


T( a ) r( ctateo ) 


~ —30751064064000a°c!8 — 209190912000a%c!8 + 445504624400741171200c!9 


T( cmt ) T( ctat50) 














‘ —13687619181241958400ac!? — 196960707910041600a7c!° + 3308414369792000a3c19 en 


T( fat ) T( chet) 











, 31005671424000a*c!* — 67436544000a°c!9 — 458752000a°%c!9 + 6054208717455360000c7? , 


T( oe ) ime ctateo ) 


é —119879948147097600ac?° — 2097585900748800a7c?° + 14242598092800a3.c?? 4: 


re 4 me at50) 














2 


145332633600a4c?? + 64105204122910720c?! — 737026192179200ac?" * 


T( cmat ) T( ctat50) 
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a: —14349002342400a7c?! + 28259123200a%c?! + 288358400a*c?! + 509356277760000c?? ds 


T( git ) T( ctateo ) 


‘x —2836188364800ac?? — 57881395200a7c?* + 2855482163200c?? — 5138022400ac?% " 


T( coghl ) Ef hepoe ) 

















—104857600a7c? + 10066329600c?* + 16777216c?° (8) 
r( cot) ) T( ctato0 ) 7 














§3. Derivation of summation formulae 


Derivation of main result (8): 


Substituting 6 = —a — 49,z = 4 in given result (2), we get 


a, —-a-49 3; 1 
(2a + 49) oF; = 
c ; 2 
a+l, -—a-49 31 a, —a—48;1 
=a, 5 + (a+ 49) oF, 3 
Cc ; Cc : 


Now using same parallel method which is used in [6], we can prove the main result. 
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Abstract In this paper, we introduce some subclasses of analytic functions and determine 
the sharp upper bounds of the functional |a2a4 — a3| for the functions of the form f(z) = 


z+ o72, anz* belonging to these classes in the unit disc E = {z :| z |< 1}. 


Keywords Analytic functions, starlike functions, convex functions, alpha-convex functions, 


functions whose derivative has a positive real part, Bazilevic functions, Hankel determinant. 


§1. Introduction and preliminaries 


Let A be the class of analytic functions of the form 
f(z) =2t > ay2k, (1) 
k=2 


in the unit disc FE = {z :| z |< 1}. 
Let S be the class of functions f(z) € A and univalent in E. 
Let Ma(a > 0) be the class of functions in A which satisfy the conditions 


FOF 


z 


#0 


and 
af'(z) _ (zf"(2)) 
scm es ae es 


The class M,, was introduced by Mocanu [!! and functions of this class are called a-convex 





> 0. (2) 


functions. Obviously Mo = S™*, the class of starlike functions and M, = K, the class of convex 
functions. Miller, Mocanu and Reade !"4] have shown that a-convex functions are starlike in E, 
and for a > 1, all a-convex functions are convex in E. Therefore a-convex functions are also 
called a-starlike functions. Concept of a-convex functions gives a continuous parametrization 
between starlike functions and convex functions. 
H.(a > 0) be the class of functions in A which satisfy the condition 
(zf'(2)) 


Re (Beta) Fe) ahaa > 0. (3) 
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This class was introduced by Al-Amiri and Reade "J. In particular Hp = R, the class of 
functions whose derivative has a positive real part and studied by Macgregor !7!, Also H; = K. 
Ba(a > 0) is the class of functions in A which satisfy the condition 


7) (2)") > 0. (4) 


The class By was introduced by Singh |) and studied further by Thomas ?!) and El- 
Ashwah and Thomas ®!. Functions of this class are called Bazilevic functions. Particularly 
Bo = S* and B, = R. 

In 1976, Noonan and Thomas !!6l stated the qth Hankel determinant for q > 1 and n> 1 


Re 





as 
an An+1l +: Qn+q-1 
Qn4+1 
Hi,(n) = 
Qn+q-1 eee se An+2q—2 


This determinant has also been considered by several authors. For example, Noor [7] 
determined the rate of growth of H,(n) as n — oo for functions given by Eq.(1) with bounded 
boundary. Ehrenborg 7! studied the Hankel determinant of exponential polynomials and the 
Hankel transform of an integer sequence is defined and some of its properties discussed by 
Layman ©], Also Hankel determinant for different classes was studied by various authors 
including Hayman |!, Pommerenke !!8], Janteng et al.!%7:8] and recently by Mehrok and Singh 
[13] 

Easily, one can observe that the Fekete-Szegé functional is H2(1). Fekete and Szegé |) 
then further generalised the estimate of |a3 — j1a3| where pz is real and f € S. For our discussion 
in this paper, we consider the Hankel determinant in the case of g = 2 and n = 2, 


a2 a3 


az. «ag 


For js complex, Szynal ?4! obtained the estimates for |a3 — wa3| for the class M,. Al-Amiri 
and Reade !"] obtained the estimates for |a3 — a3| for the class H,, and Singh !"°) obtained the 
estimates for |a3 — jwa3| for the class By. 

In this paper, we seek upper bound of the functional |aza4 — a3| for the functions belonging 
to the classes M,, Ha and By. Results due to various authors follow as special cases. 


§2. Main result 
Let P be the family of all functions p analytic in E for which Re(p(z)) > 0(z € E) and 
p(z) =1+pizt+ poz +... (5) 


Lemma 2.1. Ifpe€ P, then |p,| < 2(k = 1, 2,3,...). 
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This result is due to Pommerenke [8), 


Lemma 2.2. If pe€ P, then 
2p2 = pj + (4— pi)a, 


4p3 = p} + 2pi(4 — p})@ — pi(4 — pi)x? + 2(4 — pi) (1 — |2|?)z, 


for some x and z satisfying |x| < 1,|z| < 1 and py € [0, 2). 
[10,11] 
Z 





This result was proved by Libera and Zlotkiewie 
Theorem 2.1. If f € Ma, then 

















1 3a(1 +a)? 
Alec 1 6 
lasaa— a31 < Goa |G 4 3a)Q4 ba + Dd? + Tas) f (6) 
Proof. As f € Ma, so from (2) 
zf'(z) (ef) 
(1 — a) aca = p(z). (7) 
F(z) f(z) 
On expanding and equating the coefficients of z, z? and z° in (7), we obtain 
Pl 
= 8 
ag 1 +4 oo ( ) 
= po (1 + 3a)p? 
a3 — T 2 (9) 
2(1+2a) 2(1+2a)(14+ a) 
and 
D3 (1 + 5a)pip2 (4+ 6a+17a7)p3 





“4= 30 43a) | 20 +a) +20) + 3a) - 


Using (8), (9) and (10), it yields 


(10) 











6(1 + 2a)(1 + 3a)(1 + a)3" 


A(1 + 2a)?(1 + a)3p1(4p3) + 12(1 + 2a)(1 + 5a) (1 + a)? p? (2p) 


C(@) | +8(1 + 20)(1 + 6a + 170?)2pt — 3(1 + 30)((1 +. )2(2p2) + 2(1 + 30)p?)? 
(11) 


laza4—a3| = 








where C(a) = 48(1 + 3a)(1 + 2a)?(1 + a)*. 
Using lemma 2.1 and lemma 2.2 in (11) and replacing p, by p, it can be easily established 
that 





a)(1 + a)? — 12(1 + 2a)(1 + 5a)(1 + a)? — 8(1 + 2a)(1 + 6a + 170” 

(3 + 8a + a)]p4 + [8(1 + 20)2(1 + a) + 12(1 + 2a)(1 + 5a 
34+ 8a + a7)(1 + a)?]p?(4 — p?)d + (1+ a)3(2 — p)[6(1 + a)(1 +30 
—(1+ 4a + 7a*)|(4 — p?)p?6? + 8(1 + 2a)?(1 + a)? (4 — p? 





aga4—a3| < 








oe 
C(a) | —6(1 + 3a) 








) 
) 
y 
BP’) 


where 6 = |2| < 1. 
Therefore 


1 
aga4 — a3| < Go 


where 
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F(5) = [-4(1 + 2a)(1 + a)? — 12(1 + 2a)(1 + 5a)(1 + a)? — 8(1 + 2a) (1 + 6a + 1702) 
+ 3(1 + 3a)(3 + 8a + a?)|p* + [8(1 + 2a)?(1 + a)? + 12(1 + 2a) (1 + 5a) — 6(1 + 3a) (3 + 8a 
+a7)(1 + a)?]p2(4 — p?)6 + (1 + a)3(2 — p)[6(1 + a)(1 + 3a) — (1 + 4a + 7a07)](4 — p?)p?6? 
8(1 + 2a)?(1 + a)3p(4 — p?). 
As F’(6) > 0, so F(6) is an increasing function in [0, 1] and therefore MaxF'(6) = F(1). 





a, 














Consequently 
1 
Jazay —a3| < Clay 7?) (12) 

where G(p) = F(1). 

So 

G(p) = —A(a)p* + B(a)p? + 48(1 + 3a)(1 + a)4, 

where 

A(a) = 4a(1 + a)(2+ 15a 4+ 24a? + 7a) and B(a) = 48a(1+4 a). 





Now G' (p) = —4A(a)p? + 2B(a)p and G" (p) = —12A(a)p? + 2B(a). 


G' (p) = 0 gives p[2A(a)p? — B(a)] = 0. 
6(1ta)3 or 
Q4i5a+24024+703) —P- 





G" (p) is negative at p = 

So MaxG(p) = G(p’). 

Hence from (12), we obtain (6). 

The result is sharp for p; =p , p2 = p? — 2 and p3 = pi(2— p?). 

For a = 0 and a = 1 respectively, theorem 2.1 gives the following results due to Janteng 
et al.[6]. 

Corollary 2.1. If f(z) € S*, then 


|a2a4 — a3 <1. 


Corollary 2.2. If f(z) € K, then 





lL, 
|aga4 — a3| < 3° 
Theorem 2.2. If f € Hy, then 
pa neon f0<a@< = 
Jaza4 — a3| < 4 OCF” (170-5)? 4 . an (13) 
TWFiajitwatieaia) +t oGgayz «Cf FS asl 
Proof. Since f € Hg, so from (3) 
(zf'(z)) 
le ar ye = p(z). (14) 


On expanding and equating the coefficients of z, z? and z° in (14), we obtain 


ag =, (15) 


(16) 
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and 





pa 3apipe2 a(2a — 1)pi (17) 
4(1+2a) ' 4(1+a)(1+2a) ' 4(1+a)(1+ 2a)’ 


Using (15), (16) and (17), it yields 


a4 = 


9(1 + a)*p1(4p3) + 54(1 + @)p7(2p2) 


18 
+36a(2a — 1)(1 + a)pt — 8(1 + 2a)(2p2 + 2ap7)? 08) 


Jazag — a3| = 











ons 
C(a) 





where C(a) = 288(1 + 3a)(1+2a)(1+a)?. 
Using lemma 2.1 and lemma 2.2 in (18) and replacing p; by p, we obtain 


jaza4—a3| < 





(1 — 12a + 3a? + 80°)p* + 2(1 + 13a + 4a”)p?(4 — p*)5 
+(2 — p)[16(1 + 2a) — (1 + 2a + 9a”)p?](4 — p”)d? + 18(1 + a)2p(4 — p?)] 





1 
C(a) 
where 6 = |a| < 1. 

Therefore 
F(6), 


A204 — a3| < = 

es Ea) 
where 

F(6) = (1 — 12a + 3a? + 8a°)p* + 2(1 + 13a + 4a”)p?(4 — p?)6 + (2— 

p)(16(1 + 2a) — (1 + 2a + 9a?)p](4 — p?)d? + 18(1 + a)*p(4 — pp?) 








is an increasing function. 
Therefore MaxF'(d) = F(1). Consequently 


G(p), (19) 


|aza4 — a3| < pees 
ase el 2G) 
where G(p) = F‘(1). 
So 
G(p) = —A(a)p* + B(a)p? + 128(1 + 2a), 


where A(a) = 2(1 + 20a + 17a? — 4a?) and B(a) = 4(1 + a)(17a — 5). 


Case I. For0<a< #, Bia) <0. 
So G(p) is maximum at p = 0 and it follows the first result of (13). 
In this case, the result is sharp for pj = 0, pg = —2 and p3 = 0. 


(1+a)(17a—5) = 
(1+20a+7a?2—4a03) ~~ 


Case II. For = <a <1, asin theorem 2.1, G(p) is maximum for p = 
p, 80 MaxG(p) = G(p’). 

In this case, the result is sharp for pj =p’, pp = p? — 2 and p3 = p;(p? — 3). 

Hence the theorem. For a = 0 in theorem 2.2, we obtain the following results due to 
Janteng et al.l6, 


Corollary 2.3. If f(z) € R, then 


iy 


|a2a4 — a3| < 9° 


Putting a = 1 in theorem 2.2, we get the following results due to Janteng et al.), 
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Corollary 2.4. If f(z) € K, then 
1 
|a2a4 — a3| < 3" 


On the same lines, we can easily prove the following theorem: 
Theorem 2.3. If f € B,, then 


4 
2+ a)?" 





laza4 — a3| < ( 


The result is sharp for pj = 0, pg = —2 and p3 = 0. 
For a = 0, theorem 2.3 gives the following result due to Janteng et al.!8), 
Corollary 2.5. If f(z) € S*, then 


|a2a4 — a3| <i 


For a = 0, theorem 2.3 gives the following result due to Janteng et al.!, 
Corollary 2.6. If f(z) € R, then 


ay 


|a2a4 — a3| < 


oO 
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Abstract Mixed censored survival data arise from taking the maximum or minimum of two- 
component or even multi-component systems. Tied to this is the need to estimate maximal or 
minimal survival functions from related marginal survival functions. In this study we exploit 
the fact that the transformation of survival time dynamics of one component to another can be 
considered to result from variations in shift (mean), concentration (mode), spread (variance), 
degree of symmetry (skewness) and peakedness (kurtosis) as well as the underlying relative 
proportion of the censored data. Consequently, we propose some regression models that can 
serve for prediction purposes. The models are evaluated using a combination of some real data 
from the literature combined with some Weibull simulated data of varying levels of censoring 
and parameters. To the extent that the performance measures are excellent, the suggested 
models can be effective for prediction analysis. 

Keywords Maximal survival function, minimial survival function, mixed censored survival 

data, univariate. 

2000 Mathematics Subject Classification: 62N01, 62N02. 


§1. Introduction and preliminaries 


Mixed censored survival data arise from taking the maximum or minimum of two-component 
systems or even multi-components. Tied to this is the need to estimate maximal or minimal 
survival functions from related marginal survival functions. Bivariate survival data for two- 
component systems pervade many fields of scientific research. For example, medical researchers 
have obtained data on the infection times of the left and right kidneys of patients, and times 
to HIV infection of sex partners. Clayton (1978) applied regression model for censored survival 
data to epidemiological studies of chronic disease incidence. A related model for association in 
bivariate survivorship time distributions was proposed for the analysis of familial tendency in 
disease incidence.!3] The possible extension of the model to general multivariate survisorship 
distribution was indicated. Oakes (1982) discussed a reparameterization of a model introduced 


by Clayton in bivariate life-tables and the inference for the parameter governing the association 
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was considered when the marginal distributions are specified up to Lehnmann alternatives.) 

The information matrix was derived explicitly and it was shown that the parameteriza- 
tion is moderately successful in introducing orthogonality between the associated parameters. 
Demographers have collected data on the two survival times of individual twins. Economists 
interested in modeling the joint retirement decisions of married couples have collected data of 
times to retirement for both the wife and the husband of each surveyed household. One of the 
common features shared by taking the maximum or minimum of these data is a mixture of 
the two duration times, calling for a joint distribution that allows a probabillity mass on the 
45° line in the sample space. The exploitation of facts of the transformation of survival time 
dynamics of one component to another which will result to variations in shift (mean), concen- 
tration (mode), spread (variance), degree of symmetry (skewness) and peakedness (kurtosis) 
as well as the underlying relative proportion of the censored data is the purpose of this study. 
Specifically, we propose some regression models that can serve for prediction purpose. 

In [4], the likelihood function of the estimation from censored survival data was given and 
several examples are seen. The type of estimate studied here can be briefly indicated as follows. 
Suppose from a two-component system a random sample of N paired subjects are taken such 
that 71,7 2,...,T,n and To1,7T2,...,T2n are two random variables. Taking the maximum 
and minimum between the observed lifetimes separately will result to two sets of mixed samples. 
The sample distribution functions Fy, (t) and Fy, (t) are naturally defined as that which assigns a 
probability of x to each of the given values, so that Fy, (t) equals x times the number of sample 
values less than the argument ty, and Fy, (t) equals + times the number of sample values less 
than the argument ty,. Besides describing the sample, they are also non-parametric estimates 
of the mixed population distributions. When observations are incomplete the corresponding 
estimates are still step functions with discontinuities at the ages of observed deaths, but can 
no longer be obtained as a mere description of the sample. The two samples are incomplete in 
the sense that some items in the mixtures have given not random samples 7);,7T12,...,7,n4 and 
T21,T22,...,T2n of random variables T; and T> itself (called the lifetimes), but the observed 
lifetimes Z; = (Z1;, Zoi) where Z1; = min(T\;,Ci;) and Za; = min(T>;,C2;); 7 = 1,2,...,N. 
Here Ci; and C3;, called limits of observation (i.e. censored times), are constants or values of 
the other random variables, which are assumed to be independent of 7); and 75; respectively 
(unless otherwise stated). For each item it is known whether one has 


Ti < Cu, Z244= Ty, and Th; < Co;, Zo;=T2;, (deaths), 


or 


Ty > Ci, Lik = Ci; and To; > Ca, L2%, = Co, (losses). 


Ordinarily the T);,72;,Ci; and C2; are so defined as to be necessarily non-negative. The 
mixed censored survival data is such that an item in the mixture belongs to one population with 
certain probability and to the other with another probability. This results into a division of 
mutually exclusive classes of deaths and losses. A loss by definition always precludes the desired 
knowledge of F. = (T\;,T2;). On the other hand, a death does not preclude the knowledge of 
the corresponding CG, = (Ci, Ca;). 
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Notation 1.1. Let 7); and C); represent the failure and censoring time for the ith 
subject of the first component. Also let T2; and C2; represent the failure and censoring time 
for the ith subject of the second component. Let the bivariate vector failure time T; have 
cumulative distribution function F; = (F1;, Fo;), probability density function f; = (fii, foi) and 
survivor function F; = (F\;, Fo;). Also let the bivariate censorsing life time C; have cumulative 
distribution function, cummulative distribution function G; = (Gi, G2;), probability density 
function g; = (g1i;92i:) and survivor function G; = (Gi;,G2;). Let Y; be the corresponding 
vector of covariates. Let T; = (T1;,T2;) and C; = (Cy;,C2;) be independently conditional on 
Y;. On each of N individuals, we observe the group (Yj, 61;, 62:,¥:) where Z; = (Z1;, Za:) = 
denotes the follow up time for the paired entity on individual 7 under study. 

61; = denotes a censoring indicator for the first member of an entity on individual i. 

629; = denotes a censoring indicator for the second member of an entity on individual 7. 

7, = the binary indicator used to indicate which of the following up time is considered on 
individual i. 

That is, 

1, if 24; < Za, 
N= 
0, if 24; > Zo. 


Lynax(Y, 61, 62, Y) = the likelihood function for the maximal survival function and Lmin(Y, 61, 
62,Y) = the likelihood function for the minimal survival function. 

Observing the maximum between the follow up time for the paired entity on the ith individ- 
ual (ie. Y; = max(Z1;, Z2;), we have the likelihood function, for the N i.i.d groups (Y, 61, 62,7), 
for the maximum survival function as 


n 


Linax(Y, 01, 62,Y) = [LHGumFig)' ee x (92: (y) Foi(y)) A 2 


i=1 


x (foi(y)Gri(y) P27) x (fra(y)Gri(y)) Pe) 


y [((1-42:)(1-4)] y (1-1) ¥%] 
x (/ a x (| inst) Pura) 
[52i(1—-72)] [d1i:] 
«(ft \Gatryar «(f hilrerutryar) 


In the same light, observation of the minimum follow up time for the paired entity also on 
the ith individual (ie. Y; = min(Z1;, Z2;)) results in the likelihood function for the minimal 
survival function given by 


Lmin(Y, 6156259) = [[{(gri(y)Fis(y))O- 8) (gaily) Fai(y) 209 
w=1 


x (foi(y)Goi(y)) PO! x Fie(y)Graly))™ 


mS ([- ae eee x a wane (A614) 1-74) 
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Defined for various censored and failure situations. 
Notation 1.2. 


lLo=awhy)=PHO =, 1 Sg t= 12. 
la = fily)Gily) = Pr{ti =y, Ci > yf 1 = 1,2. 


Co 


y me 
Li; (y) = i lig (7) dr and Lis (y) = ‘ lis (7) dr; C= 1,2, j = 0, le 


y 


It is clear that the terms of DLmax(Y, 01, 62,7) and Lmin(Y, 01, 62, y) can be expressed as 


Lmax(Y,61,62,Y) = []{ Gog Or x (In9(y) 0-204 


(lay PEM CQ) xq Liayy ie 
x (Lao(y) O82 GW] x (Loy (y) EG] x (Lia (y) Evel}, (3) 


n 


Lmin(Y, 61,52,Y) = EC lig (y)) A807 5 (gg (y)) A820 AV] 


t=1 
x (Loy (y)) 8240-0] 5¢ (Ly (y)) OA (Eqo(y) aed 
x (Eo(y) OF 0-991 x (Lau (y))!* 0-79) x (Era (y)) 71}. (4) 


Dividing (3) by (4), we have (5) as 


Linax(Y, 64, 2, y) ae ( li(y) ) [61 (1-7)] . Gus ) [((1—62)(1—7)] 











Lmin(Y, 61, 62,7) 

















fi) j= 1,2; 7 =0,1, 


I 








Nig = bata 4=1,2; 7 =0,1. 

Remark 1.1. In light of this notations, likelihood functions here in this section, the 
ratio of the likelihood function of the the maximal and minimal survival functions will be 
given in Sections 2. It is established that any regression of maximal survival functions on 
minimal survival functions is essentially a relation of certain instantaneous censored and failure 
rates. The validation of these models (which will be seen in Section 2) was such that for 
fixed first component data of proportion p = 3B of censoring to Weibull distribuition (3,1), 
the second component data was generated for varied levels of censoring of proportion p = 
3 3 7) and a with mean parameters \ and .75. We thus generally have 6 combinations 
identified as fen c,d) = (mean of real first component data, proportion of censored points 
in first component data, mean of simulated second component data, proportion of censored 
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points in the second component data). The marginal, maximal and minimal survival function 
for the two components was obtained and appropriate regression analysis was carried out. The 
results will be presented also in Section 2. Discussions and conclusions will be made. The 
study concludes that the eight models developed in this study gave good hypothesis and can 
reliably predict minimal survival function and maximal survival function from marginal survival 
functions and recommends that models such as the ones discussed herewith, in particular Models 
2.7, 2.4 and 2.8 (the best performing models) be adopted for studying failure times in phenomena 
that can be modelled in terms of components. 


§2. Main results 


Using these notations in (5), we have the ratio of the likelihood of the maximal and minimal 


survival functions given by 


Dinax (Ys 61,6257) _ (ee (ony nate) (6) 
Lmin(Y, 61, 62, 7) (n20(y)) 4-82) (nai (y))*? (n10(y))2-8) (nar(y))® J 


(6) breaks down, for specific values of 61,462, into the following ratio for likelihoods of 








maximum and minimal survival functions e.g. 


Liynax(y|O1 0, 62 0, v 0) faa mio(y) 


Lpin(y|o1 = 0, 62 =0, y=0) — naoly) ” 


It is noted that mi;(y) and nij(y), ¢ = 1,2; 7 = 0,1 can be likened to instantaneous 

















event rates. (6) shows that the ratio of the likelihoods of the maximal and minimal survival 
function can be expressed as ratio of instantaneous censored and failure rates. Any regression 
of maximal survival functions on minimal survival functions is essentially a relation of certain 
instantaneous censored and failure rates. 

For the purpose of exploying this relation, it is necessary we state some results that suggest 
appropriate models of interest. 

Theorem 2.1. Let X1, X2 be stochastically independent random variables with distri- 
bution function F)(-) and F(-) respectively. Also, let maximum Y2 = max(X1, X2) and the 
minimum Y; = min(X,,X2) be ordered statistics respectively having the distribution func- 
tions G2(-) and Gi(-) respectively. Then for Y2 and Y, we have that Go(t) = Fi(t) F(t) and 
Git) =1- ((1- AW). - BQ). 

Proof. Gb (t) = Pr(Y2 < t) = Pr(X, < t;X2 < t) = Pr(X, < t)Pr(X_ < t) (by 
stochastic independence) 

= F(t) F(t). (7) 


Similarly 
Gi(t) =1—Pr(¥, >t) =1-—Pr(X, >t, X2 >t)=1-(1- Fi(t)) — Fi(0)). (8) 


Model 2.1. The (8) suggests the regression model In Fy,,(¢) = a1 In Fy; (t) +a In Fy; (t) + 
Ing;, where e; ~ N(0,1) and In = log,, Fy, (t) = Pr(¥1 > t) = Fnin(x,,x.)(t), F(t) = Pr(X > 
t) and Fy(t) = Pr(X>2 >t). 
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Model 2.2. The (7) suggests the regression model In Fy,,(t) = 81 In Fy; (t) +82 In Fy; (t) + 
In7;, where 7; ~ N(0, 1) and In = log,, Fy, (¢) = Pr(Y2 >t) = Finax(x,,x2)(t), Fi(t) = Pr(X1 > 
t) and Fo(t) = Pr(X2 >t). - 

Theorem 2.2. If F(t) is a survivor function, then Fy(t) = tet >Oisa 
proper survivor function for all 0 < 6 <1. 

Proof. This follows trivially from the definition. 


From this relation, we have that 


BA-Fy(t)) _ 1-Fx(t) 
Fy(t) F(t) 





(9) can be assumed to hold for 


1. Fy(t) = Finax(x,,x2)(t) against F'y(t) = F'x, (2), 
2. Fy (t) = Frax(x,,x2)(t) against Fy (t) = F'x, (2), 
3. Fy(t) = Frin(x,,x2)(t) against Fx (t) = Fx, (t), 
4, Fy(t)= Fyin(X1,X2)(t) against Fy (t) = Fx, (t). 


In view of all these we formulate the following set of regression models. 


Model 2.3. > 7 a 
1— Fy,,(¢) (l-Fu@)) . (l— Fai(t)) 








= = = = + Tj; 
Fy,(t) Fut)? Fai(t) 
where 7; ~ N(0,1) and Fy, (t) = Finax(x1,X2) (t). 
Model 2.4. 
1— Fy,,(t) 3 (1 — Fii(t)) ; (1 — Fy,,(t)) , 
= QA, = r Q2 = Tv EG, 
Fy, (t) F(t) Fy; (t) 


where €; ~ N(0,1) and Fy, (t) = Finin(x,,x,) (t). 
Theorem 2.3. Assume that the random variable X is a symmetric triangular distribution 
with the probability density function symmetric about h given by 


etsy h-a<a<h, 
h(x) = 


ah) h<au<h-+a, 


then the corresponding cumulative distribution is given by 


gaz (a — (h—a))?, h-a<a<h, 
A(x) = 
saz (a? + 2a(a —h) —(a@—h)?), h<a<h+a. 
Proof. See [1]. 
Theorem 2.4. Let fo(x) be a unimodal probability density function, H(«) a cumulative 
distribution function having probability density function h(x), and assume both fo(x) and h(x) 


are symmetric about zero. 
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Let f(z) = 20 tee") f(a )H(w(x)), -oo <a <ocoandk= f° x? fo(x)da, then f(z) is a 
probability density function for any odd function w(x) and any a > 0. 
Proof. See [6]. 


Corollary 2.1. In the particular case that fo(a) in Theorem 2.4 is a probability density 











function w(x) = z, h(x) = $(1— Fe anil so that 
sa(a? + 2ax+a*), -a<ax<0, 
A(x) = 
siz (a? +2ax— 27), 0<aK<a. 
The function 
ety fo(@)(o? +2ax+27), -a<2<0, 
f(x) = 





ai fo(x \(a? + 2ax — x”), 0<a4<a, 


is also a probability density function. [J 
Remark 2.1. We note as follows. 


1. the relationship in Corollary 2.1 can be simply expressed as f(x) = ys S a,x" fo(x) for 
certain co-efficient a;, i = 1, 2. 


2. The practical effect of Corollary 2.1 is to generate a possibly asymmetric and/or bimodal 


density distribution from a symmetric and unimodal density. 


3. A survival function may essentially be geometrically different from another survival func- 
tion by such characteristics (measures) as shift (mean), concentration (mode), spread 
(variance), asymmetry (skewness) and peakedness (kurtosis) all of which can be captured 
in the mechanism of the transformation in Models 2.5 and 2.6. 


Model 2.5. 


2 2 
Fy,, (t 3 a;t’  Fii( (t) + > byt’ Fo;(t) + ye myt' Fy; (t) Fo; (t) + orn where EE_™ N(0, 1). 


i=l 
Model 2.6. 
Fy,,(t =D c;t’  Fii( (t) + s djt' Fy; (t) + S- nyt" Fy; (t) Foi(t) + Tis where %™ N(0, 1). 
i i=l 


Theorem 2.5. If F(t) is a survival function, so also is, if F*(t) defined by 


1 jo-t 4d 





V 6s, 


Proof. This follows from the definition of survival function. In view of Theorem 2.5 we 


postulate that Fiax(t) can be expressed in terms of F(t) and F(t) as follows 


Frame(t) = (ef Crt PH 5 gl Gat PH) (10) 
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Taking logarithm of (10), we have 


In Frnax(¢) = 2— (F\())'—® — (FA), 


where 61,42 > 1 and In = log,. 
We can thus develop a regression model as such 
Model 2.7. 


In Fy,, (t) = Botan (Fi;(t))7 2 +00(Fyi(t))7 4 +a3(Fai(t))7 #+04(Fai(t))~*+e;, where e; ~ N(0,1). 
Model 2.8. 
In Fy, (t) = Botr (Fui(t))7 #+72(Fui(t))7 # +93(Pai(t)) 74 +94(Fai(t))7 4+7%, where 7; ~ (0,1). 


These sets of models were validated using a real data for first marginal component and 
simulated data for second marginal component. The parameters are generally somewhat cor- 
related, it may thus not be advisable to independently choose the parameters in a modelling 
situation. For example, the maximum likelihood estimate for the real data assuming Weibull 7 
distribution for time to failure is given as B = 1.823823334 and 7 = 5666.376110. In the light 
of these properties a set of data with some shape parameter (() but double the scale param- 
eter (77) will have double the mean. This point proved useful in the simulation exercise. The 
maximum likelihood estimates of the Weibull distribution for the real data were obtained and 
thus its mean (A, say). Considered to be of special interest is the extent to which these sets of 
models were validated to different mix (proportion) of censored data and for different closeness 
or balance of the marginal components. The proportion p of censored data were varied for 
different amounts p = 58/70,35/70 and 12/70. In the same way different combinations of the 
marginal components were considered. Thus, we had cases (A, A) and (A,75A). This is to say 
that the distribution of the first marginal component is equal with that of the second marginal 
component in terms of the mean of the Weibull distribution and where there is a shift in the 
sense that the second marginal component is only .75 of the mean. This elucidated situations 
when censored points for the second component was high (p = 58/70) just like the original 
data; censored points were even (p = 35/70) and censored points were sparse (p = 12/70). In 
summary, each of the regression models were validated with six generated samples of the sec- 
ond marginal component against the real data from the literature adopted for the first marginal 
component. Among the statistical tools that were employed as appropriate for the validation 
of the performances of these models were the adjusted R? (adj. R?) and error sum of squares 
(SSE). The necessary results are given on Table 2.1 for various levels of censoring i.e., highly, 
evenly and sparsely censored as well as for equal and shift in mean. Models 2.1, 2.3, 2.5 and 2.7 
connect maximal survival functions to the marginal survival functions while Models 2.2, 2.4, 
2.6 and 2.8 connect minimal survival functions to marginal survival functions. 

Table 2.1. Adjusted R? and Residual Sum of Squares Values for the Maximal and Mini- 
mal Response function by level of censoring of Simulated and Shift of Mean for the Models rela- 
tive to the real data (from combination (A, 58/70; A, 58/70) to combination (A, 58/70; .75A, 12/70). 
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Intensity (Mean) | Response Variable | Highly-censored Evenly-censored Sparsely-censored 

Adj. R? | SSE | Adj. R? SSE | Adj. R? SSE 

Equal Mean Model 2.1. 980 003 979 018 879 034 
Model 2.3. 977 004 964 054 .968 191 

Model 2.5. 909 446 889 446 .896 378 

Model 2.7. 992 .000 997 001 1.000 .000 

Model 2.2. 985 .003 951 018 998 .010 

Model 2.4. 985 004 965 029 977 034 

Model 2.6. 904 470 901 468 912 391 

Model 2.8. 996 .000 994 001 999 .000 

Shifted Mean Model 2.1. 989 001 937 .008 .968 014 
Model 2.3. 992 001 979 O11 971 019 

Model 2.5. 929 370 .964 .160 948 .184 

Model 2.7. 993 .000 .963 004 935 .009 

Model 2.2. 998 001 805 27.814 993 083 

Model 2.4. 999 001 761 1.844 999 333 

Model 2.6. 916 355 951 1776.725 920 .213 

Model 2.8. 999 .000 998 003 989 071 
































The study have been able to achieve the formulation of regression models based on the 
original thought that every survival function is a transformation of another survival function by 
such characteristics (measure) as shift (mean), concentration (mode), spread (variance), degree 
of symmetry (skewness) and peakedness (kurtosis). Based on the analysis of the data used, the 


following conclusions were reached. 


(1) all the sets of regression models can reliably predict minimal survival functions and max- 


imal survival functions from marginal survival functions. 


(2) irrespective of the level of censoring and shift in mean, Models 2.4. and 2.8. perform 
excellently in prediction of minimal response functions and the best overall is Model 2.8 
with adjusted R? in the range (.989 - .999). Model 2.8 compared with Model 2.6 in the 
range (.901 - .951). Similarly, in terms of residual sum of squares Model 2.8 is in the 
range (.000 - .071) and Model 2.6 is in the range (.213 - 1776.725) irrespective of whether 


it is equal or shifted mean. 


However for the prediction of maximal response function, the performance of Model 2.7 in 
relation to the others is less pronounced for shifted mean compared with when we have equal 
mean. This is especially so when using the criterion of the adjusted R?. It is noted that Models 
2.5 and 2.6 which makes allowance for bimodality have not performed well in relation to the 
others but it performed best where the proportion of censoring when the two components are 
closely equally censored (i.e. in the case where the data is approaching bimodal). 
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It is recommended that models such as the ones informed by (9) and (10), in particular 2.7, 
2.4 and 2.8 (the best performing models) be adopted for studying failure times in phenomena 
that can be modelled in terms of components. This is particularly so in the transformation 
when the survival time dynamics of one component to another component can be considered to 
be shift (mean), concentration (mode), spread (variance), degree of symmetry (skewness) and 
peakedness (kurtosis). 
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§1. Introduction 


By U, we denote the class of bounded analytic functions w(z) in the unit disc E = 
{z:| z |< 1} and of the form 


w(z) = so nz", 2 € EB, (1) 


n=1 
which satisfying the conditions w(0) = 0, |w(z)| < 1 
It is well known that 
ler <1 ea] <1 lea. (2) 


Let f(z) and F(z) be two analytic functions in the unit disc E, then f(z) is said to be 
subordinate to F(z) if there exists a function w(z) € U such that f(z) = F(w(z)) and we write 
as f(z) ~ F(z). 

In case the function F is univalent, the above subordination is equivalent to f(0) = F(0) 
and f(£) C F(E). 

Let A,(p is a positive integer) denote the class of functions of the form 


(Oa aD. Gage”, (3) 
n=1 


which are analytic in the unit disc E. 
By A, we denote the class of functions of the form 


Fla) =z+) Janz”, (4) 
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analytic in the unit disc E. 
S* represents the class of p-valently starlike functions f(z) in Ap and satisfying the condi- 


tion 
zf'(z) 
f(z) 


S5(A, B) represents the class of functions f(z) in Ap which satisfy the condition 





Re| Jooren, (5) 


zf'(z) 1+ Az 


1<B<AK<l E. 
F(2) < Pia pe? <B<A<1,z€ (6) 





Clearly Si (1,—-1) = $5, which shows that $5(A, B) is a subclass of $5. To avoid repetition, 
we lay down, once for all that -1< B< A<landzeE. 
S* is the class of analytic univalent starlike functions f(z) in A such that 











fa) 
Re > 0. 7 
Fe 4 
S*(A, B) is the subclass of univalent starlike functions f(z) in A such that 

zf'(z)  1l+Az 

f(z) aca sy (8) 


Janowski '°! introduced the class $*(A,B) and proved some results by the method of 
variational techniques. Goel and Mehrok :3] studied the class $*(A, B) using subordination 
principle. 

The class Kk, consists of functions f(z) in A, for which 

(2 oa 
Re | ~~ | > 0. (9 
Wao 
Clearly f(z) € Kp implies that 2f (2) € Sp. 
K,(A, B) is the subclass of functions f(z) in A, for which 


(2f'(@)y _ ,l+ Az 








‘ if 
fie) P14 Bz ey) 
K stands for the class of convex univalent functions f(z) in A with the condition 
(f(z)! 
K(A, B) is the subclass of K of functions f(z) in A with the condition 
(ef(a)) 1+ Az 
(2) Xia Be (12) 





Let M,(a)(a > 0) denote the class of functions f(z) in Ap which satisfy the conditions 
fF) 4 0 and 





f(a), (ef) 
iG Fey | (3) 





Re | (1—a) 
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M,(a; A, mS > 0) denotes the subclass of M,(a) of functions f(z) in A, and satisfying 
the conditions f@) df F(z) # 0 and 





eile), Gf) 1+ At 
Ory TO Ra) PT Be 





(14) 








M (a) denotes the class of functions f(z) in A and satisfying the conditions f@)F@) # 0 and 


fe), (ef) 
iG. fen me 





Re | (1—a) 


The class M(a) was introduced by Mocanu "!, Miller et al. &! have shown that all a-convex 


functions are starlike in FE and for a > 1, all a-convex functions are convex in E. 


M(a;A,B)(a@ > 0) is the subclass of M(a) of functions f(z) in A and satisfying the 
conditions Is) # 0 and 


2f(2) , (ef), i+Az 


fay SP ge 


eae Fi) 





(16) 





The class M(a; A, B) was studied by Goel and Mehrok !*:5], Fekete and Szegé |] made an 
early study for the bounds of |a3 — 1a3| (uw real) when f(z) is analytic univalent in E. The well 
known result due to them states that if f(z) = z+ 5772.5 a@nz” is analytic and univalent in E, 
then 


3— 4, w <0; 
lag — pas| < 1 + 2eaxp( 774 ny OSHS; 


The following observations are obvious: 
(i) M,(a;1,—-1) = M,(a). 
(ii) Mi(a; A, B) = M(a; A, B). 
(iii) M,(0; A, B) = S5(A, B). 
(iv) M,(0;1,—-1) = Sp. 

(v) M,(0; A, B) = S*(A, B). 
(vi) M,(0;1,-1) = S*. 

(vii) M,(1; A, B) = K,(A, B). 
(viii) M,(1;1,—-1) = Kp. 

(ix) ean A, B) = K(A, B). 
(x) M\(1;1,-1lh=K. 
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§2. Main results 
Theorem 2.1. Let f(z) € M,(a;A, B), then 
_ B\2 4 
OEP (A- W), WS A-Y; 
2 
Ap+2 — [as +4 = Soy A-VSpSAtY; (17) 
(A-=B)?p* 7 dN >) 
(pta)? (u 5 w= Ty. 
where 
,_ PA B)(p? + 2pa +a) — B(p+ a)? (18) 
2p?(A — B)(p + 2a) 
and ' 
(p+) 
= : 19 
” ~ 2p? (A — B)(p + 2a) co) 
Results are sharp. 
Proof. By definition of M,(a; A,B), we have 
! ! ! 114A 
aay FO) 4 (AN _ 1+ Awe), 
f(z) F(z) 1+ Bu(z) 
Expanding the series, we get 
+1 
(1 a)fp + apiaz+ apa —abya)2? +] + |p Papas 
2 2 1)? 
+a (p+ eee ( a ) <3, a+... (20) 
Pp Pp 
= p[l+(A— B)az+(A— B)(ce2 — Bc?)z? + ...]. 
Equating the coefficients of z and z? in (20), we obtain 
(A — B)p?cy 
= 21 
eer (p +a) — 
and 
a — An Bierce, , (Aq B)*p*(p? + 2patajet  Bp(A— Bei (22) 
pre (p+ 2a) | 2(p + 2a)(p + a)? 2(p+ 2a) 
From equations (21) and (22), we obtain 
2 (A—B)p?cg | (A- B)?*p* 2 
_ = : 23 
Ap+2 Mn+ 2(p +4 2a) (p + a)? (A Mc} ( ) 
where \ is defined in (18). 
Applying triangular inequality in (23), it yields 
(A—B)p?leo|_| (A—B)?p* 
lap+2 — Hay S 2(p + 2a) | (p+ a)? = allea!". vo 
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Using (2) in (24), we obtain 

















A— B)p? A— B)?p+ 
Jopsa — na | << POO 4 PAT yu, (25) 
where v is defined in (19). 
Case I. w< i. 
From (2.9), we have 
A= B)p , \A=B)2p" 
— pa2,.,| < ( 2 
|ap+2 Hans 1| = 2(p + 2a) (p +a)? v) Lt ( 6) 
If u < (A—v), from (26) 
AB) | AAS Bp 
cae dh ee | 
Qp+2 Hay +1| _ 2(p a 2a) (p + a)? (A L v) 
(A — B)*p* 
~ “oraz OOM 
If\—v <p< 4, again from (26) 
A-—B)p? 
~ a2 < (A= B)p* 
lap42 — Hepsi] S 2(p + 2a)’ 
Case IT. p> xX. 
From (2.9), we have 
A> Bp AA Bye 
Hh es + v)]. 2 
lap+2 — Hap sal S 2(p + 2a) (p + a)? re) en 
If u < (A+ v), from (27) 
A— B)p* 
— uwaz,,|< (A— B)p* 
|ap42 Hay +1| = 2(p + 2a) 
If u > (A+ v), again from (27) 
(ABD 
lap42 — Haz 41| < “Gewese — A). 


For a = 0, equality sign hold in first and third inequalities of (17) for the function f(z) 
defined by 


p(A~B) 





2?(1+ Boz) ,B#0; 
file) = (28) 
zPe(PAdz), B—0,|6| = 1. 


and equality sign hold in second inequality of (17) for the function fo(z) defined by 


ra Oe Boz?) *3E™ B#0; 
fo(z) = (29) 
(A627) 


ze 2 , B=0,|d| =1. 
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For a > 0, equality sign hold in first and third inequalities of (17) for the function fi (q)(z) 
defined by 


[2 (ie t8 1 + Bot) “te” at)", B #0; 
fica) (2) = (30) 


(pAdt) 


[2 (Jo tte 3 at) |" ,B=0,|6|=1. 


and equality sign hold in second inequality of (17) for the function fo(.)(z) defined by 











[2 (I t2-1(1 + Bot?) Sea at)| Bebo 
a [2 Ge pete a) | B=0,|5|=1 
a \Jo ane | as 


Remark 2.1. Choosing p = 1 in the Theorem 2.1, we get the results proved by Goel and 
Mehrok (I, 

Choosing A = 1, B = —1 in the Theorem 2.1, we have 

Corollary 2.1. If f € M,(a), then 


4 
Gray — 1), wa; 


2 
Op42 — HO541| S saa Sw SM +H; (32) 


4 
Goal ), HA tr. 





where 
2p(p? + 2pa + a) + (p+)? 
A, = 

4p? (p + 2a) 

and 
(p +a)? 
y= —_—_.. 
Ap?(p + 2a) 


For a = 0, the extremal function for the first and third inequalities of (32) is obtained 
by putting A = 1,B = —1 in (28) and extremal function for the second inequality of (30) is 
obtained by putting A = 1, B = —1 in (29). 

For a > 0, the extremal function for the first and third inequalities of (32) is obtained 
by putting A = 1,B = —1 in (80) and extremal function for the second inequality of (32) is 
obtained by putting A = 1, B = —1 in (31). 

Choosing a = 0 in the Theorem 2.1, we have 

Corollary 2.2. If f ¢ S5(A, B), then 


HA-PDI(A— Bp Bl —p(A— BYp, ws ABR, 











tpn — nies] <4 BAGPD, AGPCUED) << BAB), 33) 





P(A— BYP — AS) ((A— B)p— B), w> SSE 


The first and third inequalities of (33) are sharp for the function f(z) defined in (28) and 
the second inequality is sharp for the function fo(z) defined in (29). 
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Remark 2.2. By taking p = 1 in the Corollary 2.2, we get the estimates of |a3 — ya3| 
for the class S*(A, B). 

Remark 2.3. Taking A = 1, B = —1 in the Corollary 2.2, we obtain the following result: 
If f € So, then 


2 ula 
p(2p + 1) — 4p*p, WS 53 


2 1 +1, 
Opt2— MOyyil<S 4 p53 Sus ra 





4p? — p(2p +1), w= BE. 


Remark 2.4. Taking p= 1, A= 1, B = —1 in the Corollary 2.2, we obtain the following 
result: If f € S*, then 


This result is due to Keogh and Merkes !"J. 
Putting a = 1 in the Theorem 2.1, we get 
Corollary 2.3. If f ¢ K,(A, B), then 


(A-B)[(A—B)p—B]p? _ (A—B)?p4 < (p+1)?[(A-B)p-(1+B)], 
2(p+2) (ptt)? Mh > ~3CA-Byp?(p42)——? 











2 A-—B)p? +1)?[(A—B)p—(B+1 +1)?[(A—B)p+(—B)] , 
Ona tal Sy Se ARM <u < Aiea, (aH 














(A-B)?p! , — (A-B)(A-B)p-Blp?_, (p+)? [(A-B)p+(1-B)] 
(pti)? 2(p+2) » B= "~3(A—B)p? (pt2) 





The first and third inequalities of (34) are sharp for the function defined by 


p(A-B) 


fo pt? 1(1+ Bot) = dt, B £0; 





filz) = 
f pt Pade, B= 0, |6| = 1. 
and the second inequality of (34) is sharp for the function defined by 


p(A~B) 


So pt? (1 + Bot?) dt, B #0; 





fo(z) = ie 


+2 
fo ptP-te* 2 dt, B=0,|6| =1. 





Remark 2.5. Letting p = 1 in Corollary 2.3, we obtain the estimates of |a3 — ja3| for 
the class K(A, B). 
Remark 2.6. 
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Letting A = 1, B = —1 in Corollary 2.3, we have the result: If f € Kp, then 


p> (2p+1) 4p* (p+1)? , 
pt2 (priyzhy # = 2p(p+2)? 


=ia2 pe (pti)? (p+1)° 
dp42 — Hpi] S pt2? Iipra LHS 








2p? (p+2)? 
4p* p’(2p+1) x _(p+1)* 
(p+1)2 pt2 > = Bp2(p+2)° 


Remark 2.7. Taking p= 1, A = 1, B = —1 in the Corollary 2.3, we obtain the following 
result: If f € K, then 


2 
1— p, S53 
2 
lag —pag|< 4 5,2 <u < §; 
4 


This result is due to Keogh and Merkes "1. 
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Abstract Let n > 1 be an integer, gq (n) is a multiplicative function. In this paper, we shall 


study the mean value of exponential divisor function gq (n) over cube-full number, that is 


So P= Vd? MA(r), 


n<u n<x 
n is cube—full 


where f3(n) is the characteristic function of cube-full integers, i.e. 


1, nis cube-full; 
fa(n) = 
0, otherwise. 
Keywords cube-full number, divisor problem, Dirichlet convolution, residue theorem, mean 


value. 


81. Introduction 


Let n > 1 be an integer of canonical form n = p{'ps?---p%". The integer n is called a k-full 
number if n = pj! ps? +--+ pa", where a1 > k,ag >k,--+ ja, > k. Let fx(n) be the characteristic 


function of k-full integers, i.e. 


1, nis k-full; 
Se(n) = 


0, otherwise. 


We call an integer n = [[j_, p?' exponentially k-free if all the exponents a;(1 < i <r) are 
k-free, i.e. are not divisible by the k-th power of any prime (k > 2). Let a (n) denote the 
characteristic function of exponentially k-free integers. 


Obviously the function qo (n) is multiplicative, and for every prime power p%, there are 


af (p) = gf?) (p?) = af (p?) =... = ak (p?* 4) = 1, (p") = 0. 





1This work is supported by Natural Science Foundation of China (Grant No:11001154), and Natural Science 
Foundation of Shandong Province(Nos:BS2009SF018, ZR2010AQ009). 
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Many authors have studied the properties of the exponential divisor function q?(n). L. 
Toth 2! proved the following result: 


S> a(n) = Dea + O(2"*5(2)), 


n<ux 


where 





De = [J] (1+ > Gee 


a 
P a=2k P 
qx(n) denoting the characteristic function of k-free integers. 
In this paper, we shall study the mean value of exponential divisor function gi (n) over 


cube-full number, that is 


SPM) = LA MAsln), 


n<a n<a 
n is cube—full 


where f3(n) is the characteristic function of cube-full integers, i.e. 


1, 
fa(n) = 


0, otherwise. 


n is cube-full; 


Theorem 1.1. For some D > 0, 


(ey — SCHEER) 2 C(R)C(Z)G() 
S- gi (n) = 3/543 3 4 5 4 


k 





nN<x 
n is cube—full 


+ O(x8 exp (— D(log x)? (log log z)~*)), 


where G(s) =] (1— =; + ---) is absolutely convergent for Res > 5. 


Pp 
Notations 1.1. Throughout this paper, € always denotes a fixed but sufficiently small 


positive constant. 


§2. Proof of the theorem 


In order to prove our theorem, we need the following lemmas. 
Lemma 2.1. / 


A(3,4,5;2) < pir log? x. 
Proof. The proof of this bound depends on the theory of two-dimensional exponent 
pairs. 


Lemma 2.2. Suppose f(n) is arithmetical function, and satisfy 


l 


> fm) = > 2% P;(logz) + O(@"*), 


n<a j=l 


S— |f(n)| = O(a log” x), 


n<ux 
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here aj > a2 > ++: >a, > 1/e>a>0,r > 0,Pi(t),--- , A(t) are polynomials on t whose 
degree are not exceed r, and c > 1, b> 1 are fixed integers. 


Suppose for Res > 1, have 





ss o(n) 1 
2d ne G(s)" 


If 
h(n) = > wo(d) (n/a), 
de|n 
then 
l 
32 h(n) = 5 2 Rj (log «) + B(x), 
n<ux j=l 
here R,(t),--- , Ri(t) are polynomials on t whose degree are not exceed r, and for some D > 0, 
have 


E.(x) « «\/° exp (( - D(log x)*/° (log log x)~/°)). 


Proof. If b = 1, see theorem 14.2 in A. Ivié 2. If b > 2, it can be proved in the same 
method. 


Lemma 2.3. Let s =o + it is a complex number, then we have 


- () (ny 8 8 8 
yO (nr) _ (3s)¢(48)6(5 Jars), 


ns ¢(88) 





n=1 
n is cube—full 





where the Dirichlet series G(s) = [] (1 — 3 


pees -) is absolutely convergent for Res > 5 


Proof. Let 





n=1 
n is cube—full 


here 


— 


, mis cube-full; 
f(n) = 


, otherwise. 


o 
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From qo? (n) is multiplicative we have for Res > 1 that, 


























ioe) (e) co (e) 
(n) gy (n)f3(m) 
Fs) = YO #Y-ypae 
nis ee as Cop 
“11 (4 ae OA, oe) | ee | 4g EE AOE 
1 1 1 1 
= : Cae + oa | ps cabal aaa | 
1 1 1 1 1 
=s@o]T (2 Tage ps pets pek+1)s a] 
1 1 1 1 1 
= 6(38)¢(49) [] (1 ps ps p98 pes p(2*+1) ) 
= ¢(85)¢(45)¢(68) T] (1 5 — Ge +) 
Pp 
_ ¢(38)¢(48)¢ (5s) one 
| ¢(8s) IT pes : ) 
_ ¢(88)¢(4s)¢ (5s) 





where G(s) = [] (1— = +---), and it is absolutely convergent for o > $ +. 
P 


Next we prove our theorem. 


From lemma 2.3, we have known 


- ()(n s)C(4s)C(5s 
PRES Se LORE SCONCO CO 





n=1 
n is cube— full 


where G(s) is absolutely convergent for o > 3 +€. 











Define a 
as):= 
n=1 
= Hin) AA Bimal 
H(s) := ¢(3s)¢(48)¢(5s)G(s) = 5° oo y= rm , (Res > 1) 
n=1 n=1 
here h(n) = S> d(3,4,5;m)g(l). Then we can get 
n=ml 
So h(n) = S> d(3,4,5;m)g(1) = S- g(l) d(3,4,5;m). 
n<x mi<a l<a Mt 
From Residue theorem and lemma 2.1, we can get 
5 oe 3 5 1 3 4 1 : 
Ya(3,4, 557) “GRO od £6(2)(Dat + 6(Z)C()et + AG,4,5:2) 


n<u 
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Then 


from (2) and Abel integral formula, we have the relation: 


tOVC 4.2 





























YL Hen) = Dial oD +cDeHG +eHeHHt +04) *)| 
=e HY + cya! » H+ 2 )c(Eyet s 1) + 0(% 2 1) 
= (S)¢(a)a4 3 BO) Bye)! z a +62 yc(Syat B a) +0(c! » ‘eo 

+o(et Tha) +(e Fiat) +O(+ sr) 
= (RDG Ie + (DEEP! + (Z)E)QG)2# + O(@4). 
From lemma 2.2 and Perron’s formula |), we can get 
Sam eebetped,s , dieu. | ctor 
n is cube—full 
+ O(2* exp (— D(log.x)* (loglog x)~+)). 


+: -) is absolutely convergent for Res > rt 


Here D > 0, and G(s) = [] (1— 
Pp 
Now our theorem is proved. 
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Abstract The Smarandache function S(n) is defined as the minimal positive integer m such 


that n|m!. The main purpose of this paper is to study the analyze converges questions for 


co co 
some series of the form o2) Fine i.e., we proved the series pS, stot diverges for any 6 < 1, 
co 1 = Z 
and pa BimpeSmy COnVerges for any € > 0. 


Keywords Smarandache function, smarandache series, converges. 


81. Introduction and results 


For every positive integer n, let S(n) be the minimal positive integer m such that n|m!, 
ie. 


S(n) = min{m:m€N,n|m!}. 


This function is known as Smarandache function "J. Easily, one has $(1) = 1,.9(2) = 2, $(3) = 
3, 5(4) = 4, $(5) = 5, $(6) = 3, $(7) = 7, $(8) = 4, S(9) = 6, S(10) = 5,---. 

Use the standard factorization of n = p{*p$?---pe*, pi < po < ++: < Dr, it’s trivial to 
have 


Many scholars have studied the properties of S(n), for example, M. Farris and P. Mitchell 


2] show the boundary of S(p%) as 


(p—1)a+1< S(p*) < (p— 1)[a +1 + log, a] +1. 


Z. Xu #) noticed the following interesting relationship formula 


n(e)= 1+ > [22], 


by the fact that S(p) = p for p prime and S(n) <n except for the case n = 4 and n = p, where 
a(x) denotes the number of prime up to z, and [] the greatest integer less or equal to x. Those 
and many other interesting results on Smarandache function S(n), readers may refer to [2]-[6]. 





1This work is supported by by the Science Foundation of Shanxi province (2013JM1016). 
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Let p be a fixed prime and n € N, the primitive numbers of power p, denoted by S,(n), is 
defined by 
S,(n) = min{m:m EN, p"|m!} = S(p”). 


I 
Ms 


Z. Xu ®) obtained the identity between Riemann zeta function ¢(s) 4.,0 > 1 and an 


n=1 


infinite series involving S,(n) as 


G(s) 


cre ped” 








and he also obtained some other reer formulae for S,(n). F. Luca [4] proved the series 
Co 


os aeet converges for all 6 > 1 and diverges for all 6 < 1, and the series > Sameer 
converges for any € > 0. 

In this note, we studied the analyze converges problems for the infinite series involving 
S(n). That is, we shall prove the following conclusions: 


Theorem 1.1. For any 6 < 1, the series 


ey sl. 
2d S(n)> 





diverges. 
Theorem 1.2. For any ¢ > 0, the series 


s 1 
= S(n)es) 


converges. 


§2. Some lemmas 


To complete the proof of theorems, we need two Lemmas. 
Lemma 2.1. Let p be any fixed prime. Then for any real number x > 1, we have the 
asymptotic formula: 





ss Sm ee ; (insta pn) Ole P42); 


p—1 


where ¥ is the Euler constant, « denotes any fixed positive numbers. 
Proof. See Theorem 2 of [3]. 
Lemma 2.2.!7]_ Let « > 0 and d(n) denotes the divisor function of positive integer n. 
Then 
d(n) = O(n‘) < Cen‘, 


where the o-constant C, depends on e. 


Proof. The proof follows [7] by writing n = [| p®, the standard factorization of n. Then 
pin 


1 
pr > 2% = e%M2 > geln2 > glat l)eln2. 
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If p® > 2, then p** > 2 > a+1. Therefore, 


d(n) yyvatl | a+1 a+l1 a+l1 atl 
né ial oe II II por = II $(a+1jeln2 II atl 

















pre 
pin pin pin 
pe<2 pr>2 pe <2 pe22 
The last item in above inequality is [] 5: which is less than |] +5 = C,, say, the 
p|n pe<2 
pe<2 


o-constant C. depends on e. 


§3. Proof of theorems 


Proof of Theorem 1. 
We may treat the case 6 = 1 first. By Lemma 1 and the notation S,(n) = S(p”), we have 


2 a lim % a 
24 5p) atte 24 Sin) 


Sp(n)<a 








Obviously, for 6 < 1, =; diverges follows easily by the trivial inequality: 
y 2 Sn) g 








2 aw ® 2 sis 5 


complete the proof. 


Proof of Theorem 2. a 
It certainly suffices to assume that e < 1. We rewrite series }~ ICNEION as 
n=1 


Co 





k=1 


where u(k) = t{n : S(n) = k}. For every positive integer n such that S(n) = k is a divisor of 
kl, ie. u(k) < d(k!). By Lemma 2 and the inequality bellow 


(k!)? = [Lae+1—9) * I (ey - cae 


we have 


u(k) < d(k!) < C.(kI) < C Ea 


where C, means that the constant depending on e. 
; : k 
Therefore, recalling that the properties of the sequence (1 + i) , we have 


“1 fk+1 Sl fk+1 a 
oS ge (*E) =e Lan (SE) <OLee 


k=1 =1 =1 k=1 


Co 
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“is bounded above by 





Co 
for some constant C1, it follows that series > 
k=1 


aes | sh 
Cre se oe ae 


k=1 





completing the proof. 
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Abstract A generalization of the Weibull geometric distribution so-called the transmuted 
Weibull geometric distribution is proposed and studied. Various structural properties includ- 
ing explicit expressions for the moments, moment generating function of the new distribution 
are derived. The estimation of the model parameters is performed by maximum likelihood 
method. We hope that the new distribution proposed here will serve as an alternative model 
to the other models which are available in the literature for modeling positive real data in 
many areas. 

Keywords Weibull-geometric distribution, moments, order statistics, transmutation map, 
maximum likelihood estimation, reliability function. 
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§1. Introduction and motivation 


The Weibull distribution is one of the most commonly used lifetime distribution in model- 
ing lifetime data. In practice, it has been shown to be very flexible in modeling various types of 
lifetime distributions with monotone failure rates but it is not useful for modeling the bathtub 
shaped and the unimodal failure rates which are common in reliability and biological studies. 
Several distributions have been proposed in the literature to model lifetime data. Adamidis and 
Loukas 7] introduced the two-parameter exponential-geometric (EG) distribution with decreas- 
ing failure rate. Kus ) introduced the exponential-Poisson distribution (following the same idea 
of the EG distribution) with decreasing failure rate and discussed various of its properties. Mar- 
shall and Olkin [7] presented a method for adding a parameter to a family of distributions with 
application to the exponential and Weibull families. Adamidis et al. |! proposed the extended 
exponential-geometric (EEG) distribution which generalizes the EG distribution and discussed 
various of its statistical properties along with its reliability features. The hazard function of 
the EEG distribution can be monotone decreasing, increasing or constant. Barreto-Souza et 
al. '6] introduced a Weibull-geometric (WG) distribution following from compounded a Weibull 


distribution with a geometric distribution and obtained a new lifetime distribution with more 
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flexibility than the Weibull distribution and study some of its properties. Suppose that {Y;}7_, 
are independent and identically distributed (tid) random variables following the Weibull dis- 
tribution W(a, 0) with scale parameter a > 0, shape parameter 0 > 0 and probability density 


function 


g(a;a,6) = a8 xVe-(az)? > 0, 


and N a discrete random variable having a geometric distribution with probability function 
P(n;p) = (1—p)p"~! for n € N and p€ (0,1). Let X = min {Y;}_,. The marginal pdf of X 
is given by 


2 
F(eip. 41,8) = Ba%(1 ~ pate” [1 — pe") a > 0, (1 


which defines the WG distribution (see Barreto-Souza et al. [. It is evident that (1) is 
much more flexible than the Weibull distribution. The EG distribution is a special case of 
the WG distribution for 6 = 1. When p approaches zero, the WG distribution leads to the 
Weibull W(a,@) distribution. The corresponding cumulative distribution function and hazard 


rate function are given by 


1 = ee)’ 


F(x; p, a, 9) = 1 — pe-(ax)?’ 


x > 0, (2) 


and 
=] 
h(a; p,a,0) = 0a x9! [1 - pe~(en)”) : (3) 


respectively. 

In this article we defined the family of transmuted Weibull-geometric distribution. The 
main feature of this model is that a transmuted parameter is introduced in the subject distri- 
bution which provides greater flexibility in the form of new distributions. Using the quadratic 
rank transmutation map studied by Shaw et al. !"8], we develop the four parameter transmuted 
Weibull-geometric TW G(a; p, a,0,). We provide a comprehensive description of mathemati- 
cal properties of the subject distribution with the hope that it will attract wider applications 
in reliability, engineering and in other areas of research. The concept of transmuted explained 
in the following subsection. 


§2. Transmutation map 


In this subsection we demonstrate transmuted probability distribution. Let F, and F2 be 
the cumulative distribution functions, of two distributions with a common sample space. The 


general rank transmutation as given in Shaw et al. [!8] is defined as 
Grio(u) = Fo(Fy*(u)) and Groi(u) = Fi(Fy *(u)). 


Note that the inverse cumulative distribution function also known as quantile function is 
defined as 


F7'(y) = infrer {F (x) > y} for y € [0,1]. 
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The functions Gri2(u) and Groi(u) both map the unit interval J = [0,1] into itself, and 
under suitable assumptions are mutual inverses and they satisfy Grij(0) = 0 and Gri; (0) = 1. 
A quadratic Rank Transmutation Map (QRTM) is defined as 


Gri2(u) =utAu(1— w), |A| <1, (4) 
from which it follows that the cdf’s satisfy the relationship 

F(x) = (1+A)Fi(x) — AF (2)’, (5) 
which on differentiation yields, 

fo(@) = fil@) [C+ A) — 2AFi (a)] (6) 


where fi(x) and fo(x) are the corresponding pdfs associated with cdf F\(a) and F2(a) respec- 
tively. An extensive information about the quadratic rank transmutation map is given in Shaw 
et al. [8] that at \ = 0 we have the distribution of the base random variable. 

Many authors dealing with the generalization of some well- known distributions. Aryal and 
Tsokos |] defined the transmuted generalized extreme value distribution and they studied some 
basic mathematical characteristics of transmuted Gumbel probability distribution and it has 
been observed that the transmuted Gumbel can be used to model climate data. Also Aryal and 
Tsokos 3) presented a new generalization of Weibull distribution called the transmuted Weibull 
distribution . Recently, Aryal [!8! proposed and studied the various structural properties of the 
transmuted Log- Logistic distribution, Muhammad Khan and King [9 introduced the trans- 
muted modified Weibull distribution which extends recent development on transmuted Weibull 
distribution by Aryal et al. [! and they studied the mathematical properties and maximum 
likelihood estimation of the unknown parameters. Merovci introduced the transmuted Rayleigh 
distribution, transmuted generalized Rayleigh distribution, and transmuted Lindley distribu- 
tion and they studied the mathematical properties and maximum likelihood estimation of the 


[7] 


unknown parameters. Elbatal '! introduced transmuted modified inverse Weibull distribution. 


§3. Transmuted Weibull geometric distribution 


In this section we studied the transmuted Weibull-geometric (TWG) distribution. Now 
using (1) and (2) we have the cdf of transmuted Weibull-geometric (TWG) distribution 


ee 1 e- (an)? 
Puy ge (#3 p, a, 6, ) = s 7 [ + a( : : (7) 





1 — pe (22) 1 — pe~ (ax)? 


where 4 is the transmuted parameter. The corresponding probability density function (pdf) of 
the transmuted Weibull-geometric is given by 


frwe (tip, 0,9, ) = fwe(a) [+ d) — 2AFwe(a)] 


= 60° (1 — p)x?te— (on) [1 - pe~(a2)”) 


1 — e (a2)” 
{asn—m(2ee)}, ‘ 


—2 
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respectively. 
Figures (1) and (2) illustrates some of the possible shapes of the pdf and cdf of the TWG 
distribution for selected values of the parameters 6, p,a and A, respectively. 
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Figure 1: The pdf’s of various TWG distributions for values of parameters:fig a) 9 = 
l;a = 1.5\ = 0.5, fig b) 6 = 2.5,3,3.5,4,4.5,5,5.5;A = 0.5, 0.6, 0.7, 0.8, 0.9, 0.4,0.3 and for 
p = 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, a = 1.5; with color shapes purple, blue, plum, pink, red, black and 
darkcyan, respectively. 
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0.0 0.2 0.4 0.6 0.8 1.0 


Figure 2: The cdf’s of various TWG distributions for values of parameters::fig a) 9 = 
1l;,q@ = 1.5A = 0.5, fig b) 6 = 2.5,3,3.5,4,4.5,5,5.5;A = 0.5, 0.6, 0.7, 0.8, 0.9,0.4,0.3 and for 
p = 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, a = 1.5; with color shapes purple, blue, plum, pink, red, black and 
darkcyan, respectively. 


72 F. Merovci and I. Elbatal No. 1 





The reliability function (RF) of the transmuted Weibull-geometric distribution is denoted 
by Rrwe(a) also known as the survivor function and is defined as 


Rrwa(2) =1—- Frwa(z2) 
1 — en (ax)? 1 — en (ax)? 
=1 cceN eter eee ene) | (9) 
i pe (ax) l= pe (ax) 


It is important to note that Rrwa(x) + Frwe(x) = 1. One of the characteristic in 








reliability analysis is the hazard rate function (HF) defined by 


It is important to note that the units for hpwa(z) is the probability of failure per unit of 


(10) 


time, distance or cycles. These failure rates are defined with different choices of parameters. 
The cumulative hazard function of the transmuted Weibull-geometric distribution is denoted 


1 — e~ (02)? 
1+A (ESS) (11) 


It is important to note that the units for Hrwa(a) is the cumulative probability of failure 


by Hrwa(x) and is defined as 


1 — e~(a2)” 


1- pe (ox)? 








Arwea (x) = In 








per unit of time, distance or cycles. we can show that. For all choice of parameters the 
distribution has the decreasing patterns of cumulative instantaneous failure rates. 

Figure 3 illustrates some of the possible shapes of the hazard function of the TWG distri- 
bution for selected values of the parameters 0,p,a and X, respectively. 


























o J 
wo 
+ 
o 4 
a 
o 4 
T T T T 
0.0 0.5 1.0 1.5 
to 
N 
So 4 
N 
wo _| 
So _| 
wo 4 
o 4 
T T T T T T T 
0.0 0.2 0.4 0.6 0.8 1.0 1.2 


Figure 3: The hazard functions of various TWG distributions for values of parameters:fig a 
6=1;,a=1.5\ = 0.5, fig b: 0 = 2.5,3,3.5, 4, 4.5, 5, 5.5; A = 0.5, 0.6, 0.7, 0.8, 0.9, 0.4,0.3 and 
for p = 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, ,a@ = 1.5; with color shapes purple, blue, plum, pink, red, black 
and darkcyan, respectively. 
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§4. Statistical properties 


This section is devoted to studying statistical properties of the (TWG) distribution. 

4.1 Moments 

In this subsection we discuss the r;, moment for (TWG) distribution. Moments are nec- 
essary and important in any statistical analysis, especially in applications. It can be used to 
study the most important features and characteristics of a distribution (e.g., tendency, disper- 
sion, skewness and kurtosis). 

Theorem 3.1. If X has TWG(2; ¢),¢ = (p,a,6, 2) then the r;;, moment of X is given 
by the following 








, oo (G +1)( — p)p'T(§ +1) 
Hr( De ESE 
— (1-pIP(G +1) | G+2) Gad) 
- ee oe 


Proof. Let X be a random variable with density function (8). The rz, ordinary moment 
of the (WG) distribution is given by 


pi(e) = BX? = [x fle, ae 


0 


= 0a9(1—p)¢ (1+) ae 1e—(azx)? [1 — pe=(o2)") 
0 


— 2d [etre (1 - ee) (1 - pe~(e")”) a ; (13) 
0 


If |z| < 1 and k > 0, we have the series representation 


pr  wolk+i); 
le Deswrsra (14) 


Expanding the term (1 — pe~(a2)") as in (14) yields 


Co 


p(x) = 60%(1—p) ¢ (1+ A) 0 + Lp? fortte ees as 
j=0 0 


Co 


ee 
j=0 0 





a’(j +1)¢@ 


G42) G41) 
«ae Gast: 05) 


= 4 nS GFVO= PPG FY) eae (5 44) 
a j=0 
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Which completes the proof. 
Based on the first four moments of the ((WG) distribution, the measures of skewness 
A(®) and kurtosis k(®) of the (WG) distribution can obtained as 


13(8) — 3p41 (9) u2(9) + 27 (8) 


A(y) = 3 
[H2(0) — w7(8)]? 





and 





k(y) = ba(O) — 4p1 (8) u3(9) + oe = 3418) 


[H2(0) — uy 
4.2 Moment Generating function 
In this subsection we derived the moment generating function of (TWG) distribution. 
Theorem 3.2. If X has (TWG) distribution, then the moment generating function 
Mx(t) has the following form 














= t” — G +1)(1—p)p'TG +1) 
Mx (t) = —<«(14+A 7 
x(t) ae nt ps a’(j+1)e@ 
r= j=0 
sy Cena) ee) _ Ge a 
a ar G+he G+2)s 
Proof. We start with the well known definition of the moment generating function given 
by 
Mx(t)= fe frwale.d)de 
0 
co t" 7 co t" , 
= > a) 2" frwa(2, ddr = S- pee 
r=0 ~ r=0 ~ 
Se a4 0 GFUG= PNG +0 
a aG+s 
r=0 j=0 
ss a) o 
oar G+ G+Hs 


Which completes the proof. 


§5. Distribution of the order statistics 


In this section, we derive closed form expressions for the pdfs of the r¢;, order statistic of the 
(TWG) distribution, also, the measures of skewness and kurtosis of the distribution of the rep, 
order statistic in a sample of size n for different choices of n;r are presented in this section. Let 
X1,X2,...,X, be a simple random sample from (TWG) distribution with pdf and cdf given 
by (7) and (8), respectively. Let X1, X2,...,Xn denote the order statistics obtained from this 
sample. We now give the probability density function of Xp:n, say fr:n(z,®) and the moments 
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of Xpn, 7 =1,2,...,n. Therefore, the measures of skewness and kurtosis of the distribution of 
the X;., are presented. The probability density function of X,>., is given by 


1 


Ben aray Peel A Feel £2), (18) 


frin (x, ~) = 
where F(x,y) and f(x,y) are the cdf and pdf of the (TWG) distribution given by (7), (8), 


respectively, and B (.,.) is the beta function. The pdf of the r;;, order statistic for a transmuted 
weibull geometric distribution is given by 


2 _ ~(azx)? 
fren(2,~) = : 6a°(1 p)29- te (o2)” [1 — peW (a2) fu +A) — 2A ( = 








B(r,n—r +1) 1 — pe (ax)? 
r-l1 
1 — en fax)? 1 — en (ax)? 
x Sees Net te, ae 
1 — pe— (2) 1 — pe (ox) 
1 — en (ax)? 1 — e7 (ax)? are 
xe] oe ap ee a 
1 — pe (22) 1 — pe— (22) 


Therefore, and the pdf of the smallest order statistic X(1) is 











fim(x,~) = n0o08(1 — peta te ora)” [1 - pe (#e)"] = 

ieee —(a2x(4))° 

ERLE AY = OX . : 
1 — pe~(¢%a)) 

n-1 
= e~(ax1))? 1- en (aay)? 
1 1+A-A 
as _ perm (ona)? ay 1— per (o%ay)* ? 


and the pdf of the largest order statistic X(n) is given by 











-2 
bere yp) = nba (1 = p)ah ste (orm) [1 = pe~ (o%)"] 


1 aa —(a2x(n))® 
MAH Or E : 
1 — pe (0%) 
n-1 
i (ax ny)? _ —(ax(ny)® 
: ea iies Cae : 
1 — pe (%%(n)) 1; = pe (2% (n)) 


§6. Least squares and Weighted least squares estimators 














In this section we provide the regression based method estimators of the unknown parame- 
ters of the transmuted Weibull geometric distribution, which was originally suggested by Swain 
et al. !9) to estimate the parameters of beta distributions. It can be used some other cases also. 
Suppose Yj,...,Y, is a random sample of size n from a distribution function G(.) and suppose 
Yi); 1 = 1,2,...,n denotes the ordered sample. The proposed method uses the distribution of 
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G(Y(:)). For a sample of size n, we have 


) i(n-jg+l 
B (6%) = LV (6%) = A 
and Cov (G(¥(j)), G(Y))) = ae) sfor j <k, 


(n + 1)?(n + 2) 


see Johnsonet al. [8 


. Using the expectations and the variances, two variants of the least squares 
methods can be used. 


Method 1. (Least Squares Estimators) Obtain the estimators by minimizing 


n 


3 (cv - ae (6.1) 


j=1 





with respect to the unknown parameters. Therefore in case of TWG distribution the least 
squares estimators of p, a,@,and A, say, Prse, A@zse, Orse and Arse respectively, can be 


obtained by minimizing 


(ee 1 — eo (a3)? j 
3 —(ax;)? I+A—A —(ax;)? 
1 — pe-( 3) 1 — pe-( 3) n+l 


j=l 


2 











with respect to 0,p and A. 
Method 2. (Weighted Least Squares Estimators) The weighted least squares esti- 


mators can be obtained by minimizing 


n 5 2 
Yow, (6% - 4). (19) 
j=l 





with respect to the unknown parameters, where 


= 1 _ (n+1)?(n +2) 


V(GM%)) im -F +1) 





Therefore, in case of TWG distribution the weighted least squares estimators of p, a, 6 and 
A, Say, PWLSE, QWLSE; 9wxseE and Awnse respectively, can be obtained by minimizing 


n 1 — e-(o2s)® 1 — ec (ons) 
y>w; | ———__, J1+-r-A ——— J 
fal Le pe~ (03) ‘c= pe (03) n+l 


with respect to the unknown parameters only. 


2 





’ 





§7. Estimation and inference 


In this section, we determine the maximum likelihood estimates (IMLEs) of the parameters 
of the (TWG) distribution from complete samples only. Let X1, X2,..., Xp bea random sample 
of size n from TWG(a; ¢), d = (p,a,6,A). The likelihood function for the vector of parameters 
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can be written as 


Lf (zw, ) = Ui ftw, %) 


i 1 San)? a 
= (0a°(1 — p)) Tay)” te & Tie [1 — pe ety 


is 1- eW (oi)? 
x ae (1 d) 2X 1 — pe- (ai)? : (20) 


Taking the log-likelihood function for the vector of parameters ¢ = (p, a, 6, ) we get 


B 








log L = nlog@+néloga+nlog(1—p)+ (0-1 1S tot (x;) )- 0d (ax;) 
. — (as) Le eto 
2 log [1 — pe ‘| + 9 log ¢ (1+ A) — 2A 1 pen en . (21) 


The log-likelihood can be maximized either directly or by solving the nonlinear likelihood 
equations obtained by differentiating (21). The components of the score vector are given by 


Olog Lon ” pe (ori)? (aa;)° log(aa;) 
7 ee +nloga+ S" log(x;) — yi ax; ) 2 [= pes (on?] 


i=l 









































+4 l c pete (ax;)? tesa 
fai {(1 +A) — 2a (2a) } [1 — peony? 
a (22) 
Olog Ln (aw) ° xi ( (ax;)°-} 
= = 2-03 )-2)" fT a perten) 
1 (1— ee) 
2 =0, (23) 
: 1 {(1+A) = 2A (ESS i [1 — pe- (ans)? 
Olo LD = ils —(ax;)? 
oe ep ey 
1 en (are (1 a) 
ae = =0, (24) 
2 {(1 Ey 2D) (p=)} [1 — pe-(ane)?]? 
and a 
dlog be 1-2 GES ear) 
Or ery (25) 
i=l {( +2) — 2d (ee) } 


We can find the estimates of the unknown parameters by maximum likelihood method 
by setting these above non-linear equations (22)-(25) to zero and solve them simultaneously. 
Therefore, we have to use mathematical package to get the MLE of the unknown parameters. 
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88. Application 


The first data set given in table 1 consist of the number of successive failures for the air 
conditioning system of each member in a fleet of 13 Boeing 720 jet airplanes. The pooled data 
with 213 observations were first analyzed by Proschan 7° and discussed further by Adamidis 
et al. 9] and Kus §, 


In order to compare the two distribution models, we consider criteria like —2¢, AIC (Akaike 
information criterion)and AICC (corrected Akaike information criterion) for the data set. The 
better distribution corresponds to smaller —2@, AIC and AICC values: 


AIC =2k—2@ and aice = arc + A+ 0) 
i 


where k is the number of parameters in the statistical model, n the sample size and @ is the 


maximized value of the log-likelihood function under the considered model. 


Table 1 shows parameters MLEs, —log(L), AIC and K — S values to each one of the 
two fitted distributions for data set.The values in Tables 1, indicate that the TWG is a strong 
competitor to other distribution used here for fitting data set. A density plot compares the 
fitted densities of the models with the empirical histogram of the observed data (Fig. fig4 ). 
The fitted density for the TWG model is closer to the empirical histogram than the fits of the 
WG model. 
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Table 1: The ML estimates, Log-likelihood, AIC and K-S for data set 











Model ML Estimates -LL K-S AIC 
TWG 6=1.027 1178.264 0.0343  2364.528 
p = 0.844 
a= 0545+ 10-7 
\ = —0.762 
WG 6 = 1.337 1181.947 0.0398  2369.894 
p = 0.999 
a@ = 1.729- 107° 
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Figure 4: Estimated densities of the models for data set. 
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Figure 5: Empirical, cdf for TWG and WG for data set . 
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Figure 6: PP plots for fitted TWG for data set. 
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Figure 7: PP plots for fitted WG for data set. 
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§1. Introduction and preliminaries 


All rings in this article are commutative with identity and modules are unitary. For a 
submodule N of an R-module M we denote the annihilator of the factor module M/N by 
(N:M), ie, (N:M)={reR|rM CN}. We call M faithful if Ann(M) = (0: M) = 0. 

A submodule P of an R-module M is said to be p-prime if P 4 M and for p= (P: M), 
whenever rm € P (where r € Rand m€ M), then m € P or r € p. The collection of all prime 
submodules of M is denoted by Spec(M)."*! For a submodule N of M the radical of N, denoted 
by rad, is the intersection of all prime submodules of M containing N, unless no such primes 
exist, in which case radN = M.1! For an ideal I of R, the radical of I is denoted by VJ. 

A proper submodule Q of M is primary-like provided that rm € Q, forr€ Randme M, 
implies r € (Q: M) or « € rad Ql! If J/(Q: M) = p is a prime ideal, then Q is also called a 
p-primary-like submodule of Ml?! 

An R-module M is said to be primeful if either M = 0 or for every p € V(Ann(M)), 
there exists P € Spec(M) such that (P : M) = p.! If M/N is a primeful R-module, we say 
that N satisfies the primeful property. In this case (rad N : M) = \/(N: M).!°) It is easily 
seen that if Q is a primary-like submodule of the R-module M satisfying the primeful property, 
then (Q : M) is a primary ideal of R and so Q is a p-primary-like submodule of M, where 
p=V(Q:M)=(radQ: M). 

The primary-like spectrum Spec; (M) is defined to be the set of all primary-like submodules 
of M satisfying the primeful property.2] Specz, (M) may be empty for some non-zero modules 
M. For example Specr(Q) = 9 while Spec(Q) = {0}, where Q is the module of rational numbers 
over the ring of integers Z. Throughout the rest of this paper, we assume that S'pecy,(M) is 
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non-empty. 


In the literature, there are many different generalizations of the Zariski topology for mod- 
ules over commutative rings. For example, Lu defined a Zariski topology on Spec(M) whose 
closed sets are V(N) = {P € Spec(M) | (N : M) C (P:: M)} for any submodule N of Ml") As 
a new generalization of the Zariski topology, we introduce the Zariski topology on Spec,(M) 
for any R-module M in which closed sets are varieties v(N) = {Q € Spec,(M) | /(N: M) C 
V/(Q: M)} of all submodules N of M. In the following lemma we show that, if 7(/Z) denotes 
the collection of all subsets v(.V) of Spec, (M), then 7(M) satisfies the axioms for the closed 
subsets of a topological space on Specy(M), called Zariski topology and denoted by T. 


Lemma 1.1. Let M be an R-module. Then for submodules N, N’ and {N; | i € I} of 
M we have 


(1) v(0) = Specr(M) and v(M) = 0. 


(3) v(N) Uv(N’) = v(N AN’). 


Proof. (1) and (38) are trivial. (2) follows from the following implications: 





Qe( iN) = V(Q:M)2 V(Ni:M) viel 





“ = V(Q:M)2(N;:M) Viel 
= VQ:M)2 0M: M) 
= Jaman Shien 
= (QTM: M) 2D mM aN 
=> Ce eae eT 
=> (radQ:M)2(S_(Ni: ee : M) 
iel 
= M2, [sma 


= Qev(\(Ni:M)M). 


el 
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For the reverse inclusion we have 


Qev(d_ (Ni: M)M JV(Q M2 FO S (Ni: M)M : M) 
tel 


ie] 





= J@M) 20: MM: M) 


ieL 
V(Q:M)2((Nji: M)M:M) Wiel 
V(Q: M) 


( 

(N;:M) Viel 
ye an ee Wiel 
cag ge 


It is well-known that for any commutative ring R, there is a sheaf of rings on S'pec(R), 


Ae) 





nas 


Aw) 


=> 
=> 
=> 
=> 


called the structure sheaf, denoted by Ogpec(r), defined as follows: for each prime ideal p of R, 
let R, be the localization of R at p. For an open set U of Spec(R), we define Ogpeccr)(U) to 
be the set of functions s: U — [],<y Rp, such that s(p) € Rp, for each p € U, and such that 
s is locally a quotient of elements of R: to be precise, we require that for each p € U, there 
is a neighborhood V of p, contained in U, and elements a, f € R, such that for each q € V, 
f €q, and s(q) = 7 in R,(see for example [3], for definition and basic properties of the sheaf 
Ospec(R)): 

Let M be a primeful faithful R-module. In [10], the author obtained an R-module 
Ospec(m)(U) for each open set U in Spec(M) (with respect to the Zariski topology) such that 
Ospec(M) is a sheaf of modules over Spec(M) which is a generalization of the structure sheaf 
of rings. As a new generalization, we obtain an R-module Ogpec,(ar)(U) for any open set U of 
Specy(M) (with respect to the Zariski topology) to construct a sheaf Ogpec, (a) of R-modules 
over Specr(M) (Theorem 2.5). 


§2. A sheaf of modules 


For each P € Spec(M), we put vp = {X, | P € X,}, where X, = Spec(M)—V(rM). Also 
for each r € R we consider the R-module of fractions M, = { 7; |m © M,n € N}. In [10], it is 
proved that if M is a faithful primeful R-module and X, C X,, then there exists an R-module 
homomorphism py, : M,; > Ms defined by Gt wo for some positive integer k and 





a € R. Moreover the inductive limit limx,erp,M, of the direct system {M,, py, x, } has been 
introduced as a limp,¢v, Rr-module where (P : M) = p and vy, = {D, | p € D,}. In particular, 
it has been shown that if M is a faithful primeful R-module, then limx,¢,,M, = M,, where 
p=(P:M ). [19] In this section, we obtain an inductive limit of a new direct system sinnilavly 
In particular, we investigate sufficient conditions under which these limits are isomorphic as 
R,-modules, where p = \/(Q : M) for some Q € Specr(M) (Corollary 2.2). We will use R, X® 
and *# to represent R/Ann(M), Spec(R/Ann(M)) and Spec; (M), respectively. 

Lemma 2.1. Let r be a non-nilpotent element of a ring R, S be the multiplicatively 
closed subset {1,r,r?,r?,--- ,r*,-+- } and M be an R-module. Let Q € ¥. Then /(rM : M)¢ 


(Q: M) if and only if /(Q: M)nNS=9. 
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Proof. Suppose that V( rM: M) )g a (Q:M). Therefore r ¢ \/(Q:M). Since 
/(Q: M) is a prime ideal of R, then 1,r?,r3,--- ¢ /(Q: M). Thus /(Q Negroes iP 
Conversely, assume Qi MNS =0 and GMA Gan : Hew re :M)NS, 


a contradiction. Thus \/(rM : M) Z ,/(Q: M). 

For each r € R, we set % = ¥ —v(rM) and Dz = X® — V(Rr). It is easily seen that 
Mon =, Xp HH. 

Lemma 2.2. Let r be a non-nilpotent element of a ring R and M an R-module. Then 
& ={QEX |r éV(Q: M)}. 


Proof. 











virM) = {QEX|V(Q:M)DV(rM: M)} 

= {QEX|V(Q:M) D(rM: M)} 

= {QeX|/(Q:M)NS FO}, by Lemma 2.1 
{Qex#|re V(Q: M)}. 


Thus %, = 4 —v(rM) ={QEX|r¢V/(Q: M)}. 

Theorem 2.1. Let M be an R-module and Q € ¥. Let S be a multiplicatively closed 
subset of R such that $M ./(Q: M) = 0. Then S~!Q is a primary-like submodule of S~1R- 
module $~!M satisfying the primeful property. 

Proof. It is easy to see that m/1 € S~1'M\S~!Q for each m € M\Q and so S-'1Q 4 
S-1M. Suppose (r/s)(x/t) € S~'Q and r/s ¢ (S-1Q : S~!M) for r/s € S-1R and z/t € 
S-!M. Since S~1((Q: M)) C (S-1Q: S~!M), then r ¢ (Q: M). Thus there exist u,w € S, 
q € Q such that wurx = wstgq. It follows that « € radQ since Q is primary-like. Thus 
x/t € S~*(rad Q) C rad (S~!Q), by [9]. Thus $~1Q is a primary-like submodule of S~!M. Let 
S~+p be a prime ideal of S~'R containing (S~'Q: S~'M). Hence pn S = 0 and, 








AQ aM) > ECS ae ee 
=> St(/(Q:M))CS- 
=> V(Q:M)Cp. 


Since Q satisfies the primeful property, there exists a p-prime submodule P of M containing 
Q. By [8], since pn S = 0, S~'P is an S~!p-prime submodule of S~!M containing $~'Q, ice., 
S—'Q satisfies the primeful property. 

Combining Lemma 2.2 and Theorem 2.1, we can easily deduce the following: 

coe 2.1. Let r be a non-nilpotent element of R and S be the multiplicatively closed 
subset {1,r,r?,r°,---}. If Q € v(rM), then S~!Q € Specy(S~1M). 

For any aasduts M, we define the map 6: ¥ > X® given by $(Q) = J/(Q: M). The 
following results offers a useful piece of information for the map ¢. 

Proposition 2.1. Let M be an R-module. Then ¢~!(V*(J)) = v(IM), for every ideal 
I €V(Ann(M)). Therefore the map ¢ is continuous for the Zariski topology TJ on ¥. 

Proof. Suppose Q € ¢7!(V¥(Z)). Then ¢(Q) € V#(Z) and so /(Q: M) DI. Hence 
V(Q:M)>/UM : M). Thus Q € v(IM). The argument is reversible and so ¢ is continuous. 
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Theorem 2.2. Let M be an R-module and the map ¢ be surjective. Then ¢(v(N)) = 
VR((N : M)) and ¢(¥ —v(N)) = X® —V((N : M)) for every submodule N of M, ie., ¢ is 
both closed and open. 





Proof. As we have seen in Proposition 2.1, ¢ is a continuous map such that ¢~!(V®(Z)) = 
v(IM), for every ideal I € V(Ann(M)). Hence for every submodule N of M we have 
o-\(V"(Nz M))) = v((N : M)M) = o(N). Thus dv(N)) = 60 6-(V8(VeM))) = 
V¥((N : M)) as ¢ is surjective. Similarly, 6(¥ —v(N)) = ¢(@-1(X*®)—@ 1(V2((N : M)))) = 
X®_VR((N: M)). 

Lemma 2.3. Let M be an R-module. Then ¢(%,.) C D; and the equality holds if ¢ is 
surjective. 

Proof. By Proposition 2.1, ¢~!(Dr) = ¢-1(X® — V(Rr)) = X — v(rM) = &,. Hence 
o(X,.) C Dz. The equality follows form Theorem 2.2. 

Lemma 2.4. Let r,s © R. Then the following hold. 





she eee eae oe 
(2) Xpn = &, for allne N. 
(3) If r is nilpotent, then %,. = 0. 


Proof. (1) by Proposition 2.1, ¥; = ¢~'(Drs). Hence %,, = 67'(Dz)N ¢-1(Ds) = 
XNA. 

(2) Follows from (1). (3) Since r is nilpotent, r” = 0 for some n € N. Hence by (2), 
X, = Xpn = XH =O. 

For the remainder of this article, we assume that every R-module M is faithful and the 
map ¢ is surjective except Lemmas 2.8 and 2.9 and Theorem 2.4. 

Lemma 2.5. Let r,s € Rand M be an R-module. If ¥, C %X,, then s € /<r >. 

Proof. Suppose 1, C 4. Hence ¢(¥,) C o(¥%,). Since ¢ is surjective, Dz; C Dz, by 
Lemma 2.3. Therefore D, C D, since M is faithful. Thus s € /<r >. 

Lemma 2.6. Let r,s € Rand M be an R-module. If V, C 4%, then there exists an 
R-module homomorphism ¢,., : M; + Ms. 

Proof. Since Y, C %,, by Lemma 2.5 s” = tr for some positive integer n and t € R. 


t*m 


Hence ¢,,, : M, + M, given by 7; > Sir. It is easy to see that y,,, is well-defined and an 





R-module homomorphism. 
Lemma 2.7. Let r,s,t © R and M be an R-module. If %; C Vs C #,, then vst 0 Yrs = 


Pr,t+ 
Proof. By Lemma 2.5, t”! = tjs and s”? = tar for some positive integers n1,n2 and 
NNQ4n 
ti, t2 € R. Hence t™ = t]?s" = t7?tyr. Now we have »,,¢(™) = eee = Pst © Pris(%). 


Let M be an R-module. Then for Q € ¥ we set Fg = {4, | Q € X,}. Define an order 
in Fq as follows. For 4, and 4,, write 4 < 4, when ¥V; C 4. For arbitrary elements %;, 
and %, in Fa, we have %, 9 A, = X,t,.. Then we get VM, < Vit. and A, < X,4. even 
though there may not be an order between %;, and %;,;,. For an element 4, in Fg there 
corresponds an R-module M,. by Corollary 2.1 and that for ¥, < %¥,, there is an induced R- 
module homomorphism ¢,,, : M; + M,. Then we defined the inductive limit Limyx,cr gM, of 
{M,, %r,s} as follows: 
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, 


Let & = {(%, 4,) | %- € Faq} and define (2, 4,) ~ (5%, 4s) if and only if there exists 
%, € Fw such that 4, < A; and V, < %; satisfying y,4(S4) = Gs,e( 45 yi Then Limx,croMr 
is the quotient set U/ ~. 

For [(a, ;)], [(0, ¥s)] € Limx,crgMr, let t = rs. Then 4, < A and 4, < A. Hence 
[(a, X,)] = [(Yr,e(a), %)] and [(b, %s)] = [(¢s,4(b), %)]. Then we define 


[(a, X,)| a7 [(0, X5)| = [(Yrrs(@) + Paral), Ars) and 
[(t, D,)][(m, ¥s)] = [(eD,..,D,.(t)Ps,rs(™), Vrs) ]- 


where ¢~!(D,) = X, and pp,,,p, : Rr > Rrs. 

Proposition 2.2. Let M be an R-module. If pp, .n,.(a) = pp,,.,p,(a) for all r, s,t,a € R, 
then Limx,crg Mr is a limp,cv, Rr-module, where p= \/(Q: M) and y» = {D, |p € D;}. 

Proof. It sufficient we consider the action limp, ¢v, Rr-module Limx,cfgMr by [(t, Dr)| 
[(m, Xs)| = [(PD,«,D> (t)Ps,rs (m), Xrs)]- 

Theorem 2.3. Let M be an R-module, Q € ¥ and p= J(Q: M). Then there exists 


an R,-module isomorphism 





Limx,.er gM, = Mp. 


Proof. Assume yp: M, > Limx,eroMr by u(®) = [(@, ¥;,)]. It is easy to see that p is 
well-defined. We show that yz is an Rp-module homomorphism. 


mir, + Mer, my1r2 + Mery 








ju( rt r9 ) = w( rire j= pgs ate 
and 
wT) + a) = GS Aa) GS Hoe] = (Orr rea) + Prasriral ds Arar] 


Mm 172 Mery, Myr2 + Mert 


Xr) — [ 1 Xrire)I- 


= Kk rirg  T1"e rir 

Suppose @ € M, and ¢ € Ry. Then p(F.™) = w(S™) = [(5@, Hr). Since limp, cv, Rr ~ 
Rp. Hence | 25 ( ) = [(2, DC, +)] = (CE, Der) rer trt)| = [- wr ter) = [(SF,4rt)]. 
Thus y is an R,-module homomorphism. 

We can define 0 : Limx,ergMr — Mp by O([(4,4;)]) = #. It is clear that @ is 
well-defined. We show that @ is an R,-module homomorphism. We can easily show that 
O((5, br) + (2, bra) = (22, Xr, )) + O((F2, ¥r,)) for every ri, 72 € R\p and m1,m2 € M. 
Assume [(74, 4; wl € Limx,ergMr and ¢ € Ry. Therefore 0(7.[(44, %,,)]) = A((G ,D:)|[(23, 
Xrae)]) = O(((™E, Xeye)]) = ME = $.0([(™,%,,)]). Suppose ™ € My. Hence (6 0 4)(%) = 
On the other hand, let [(4,4,)] € Limx,ergMr. Then (uo @)([(4,47)]) = uk) = 
[( 2, Xpn)] = (52, 4-)] since 4m = X,. Consequently, and @ are isomorphisms. 

The saturation of a submodule N of an R-module M with respect to a prime ideal p of R 
is the contraction of N, in M and designated by $,(NV). It is known that S,(N) = {m € M | 
rm € N for some r € R\p}. © 

Lemma 2.8. Let Q € X. Then 5,(Q) C radQ for every p € V((Q: M)). In particular, 
if S,(Q) is a prime submodule of M for some p € V((Q: M)), then 5,(Q) = rad Q. 

Proof. Straightforward. 

Lemma 2.9. Let @ € X. Consider the following statements. 


——~ 











182 oe 
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(1) radQ is a p-prime submodule of M. 
(2) radQ is a p-primary-like submodule of M. 


Then (1) = (2). 
Furthermore, if (Q: M) = p is a radical ideal of R and 


(3) Q is a p-primary-like submodule of M, 


then (1) — (3) are equivalent. 

Proof. (3) = (1) Since S,(Q) C radQ, then S,(Q) # M. Thus by [6] and Lemma 2.8, 
rad Q is prime. The verification of the other implications is straightforward. 

Theorem 2.4. Let M be an R-module and Q € ¥. Then for each the following cases 
rad Q is prime. 


(1) R is a zero-dimensional ring. 


(2) For each Q € ¥ and prime ideal p = \/(Q : M), (Sp(Q) : M) is a radical ideal. 

(3) For each Q € & and prime ideal p = \/(Q : M), S)(Q) 4 M. 

(4) M is a multiplication module. 

(5) Ris a Noetherian domain and Q € 4% is contained in only finitely many prime submodules 


of M. 


Proof. (1) Suppose Q € ¥. Since R is zero-dimensional, \/(Q: M) = (P : M) for all 
prime submodules P containing Q. So p = \/(Q: M) = (radQ : M) is a prime ideal of R. 
Now, if rm € radQ and m ¢ radQ, there is a prime submodule P containing Q such that 
rm € Pandm ¢ P and sor € (P: M)=\/(Q: M) = (radQ: M). Thus rad Q is prime. 





(2) p = J/(Q:M) C /(S,(Q): M) C (radQ : M) = /(Q: M) = p. It follows that 
J/(8p(Q) : M) = p. Now since ($)(Q) : M) is a radical ideal, we have (S,(Q) : M) = p. It 
follows from [6] and Lemma 2.8, radQ is a prime submodule. 

(3) Suppose S,(Q) #4 M. By [6], 5,(Q) is a prime submodule of M7. It follows from Lemma 
2.8, radQ is a prime submodule of M. 

(4) Since for every Q € X, rad Q is proper and (radQ : M) is prime, rad Q is prime by [1]. 

(5) By Lemma 2.9 we may assume that (Q: M) 4 0. If P is a prime submodule containing 
Q, then 0 c \/(Q: M) C (P: M) is a chain of prime ideals of R. If the later containment 
is proper, by [4] there are infinitely many prime ideals p with (Q: M) C pC (P:: M) 
and so we have infinitely prime submodules P containing Q, a contradiction. Hence we have 
J/(Q:M) = (P.: M), for all prime submodules P containing N. Now, if rm € radQ and 
m ¢ rad Q, there is a prime submodule P containing Q such that rm € P and m ¢ P and so 
that r€ (P: M)=./(Q: M) = (tadQ:: M). 

Corollary 2.2. Let M be an R-module, Q € X and p = J/(Q: M). Then there exists 


an Ry-module isomorphism 


Limx,.cr gMr = liMx,.crpaaqMr- 
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Proof. Combine Theorem 2.3 and [10]. 
Lemma 2.10. If V, =Uyea%,, and for m € M,, Yyr,(m) = 0, A € A, then m = 0. 


Proof. Suppose m = rm € M,. If m = 0, then there exists a positive integer n’ such 
that rm! = 0. Put I = {s € R| sm! = 0}. Then J is an ideal of R. Therefore, m = 0 if and 
only if r € VI. Therefore r € p for every prime ideal p of R containing I. Since ¢ is surjective, 
p= J/(Q: M) for some Q € X. Suppose m 4 0 in M,. Then there exists a prime ideal p of 
R containing I such that r ¢ p, where p = J(Q: M). Hence @ € #¥,. Since X = Unxeatr,, 
there exists r, such that Q € X,, and so ry ¢ p. Since y,,,,(m) = 0 the image of m in M,, 


is 0. Therefore ale oat where a € Rand r) ¢ p. Then rea” m! = 0. Hence there exists 
Xr 


b= rea” € R\p such that bm’ = 0. Thus b € I C p, a contradiction. 
Lemma 2.11. Let XY = Uyeq%,,. Then the ideal generated by {r)} equals to R. 


Proof. Suppose ¥ = Uyea%,,. Since ¢ is surjective, Spec(R) = o(¥) = d(Urea%, ) = 
Unea($(4,,)) = UnxeaD,, by Lemma 2.3. Hence Spec(R) = Uyea(Spec(R) — V(Rry)) = 
Spec(R) —NyeaV(Rry) = Spec(R) —V(Soyeq Rra). Therefore V(d0,¢, Bra) = 0. Thus 
Marea Bry = R. 


Proposition 2.3. Given that Y, = UyeaX,, and that, form, € M,,, A © A, and 
for arbitrary A,’ € A, QYrysrary/ (Md) = Prysrary/(My’), then there exists m € M, satisfying 
My = Yir,(m), AE A. 


sr 


Proof. Let o, : R — R, define by s + * for all s € R. Let us write o,(s) simply 
as 3. When % C X,, then t € <r > by Lemma 2.5. Therefore, there exists an R-module 
isomorphism from M; to (M,);. Let M = M,. and X = Specy(M) and let Tx be the element in 
R determined by ry. Then 4, = & and Xp = cae Therefore, we can assume r = 1 without loss 
of generality. If we let r = 1, our assumption V = UyeqX,,. From Lemma 2.11, one can choose 
finitely many 1r1,72,°-: ,%m among {ry}ye,q such that ¥ = OR From the hypothesis, we 


n J n / 
Tee Mm; r,m,; 


.)— — -)— —) 17 - 1 
have 9, .r;r,(mj) = Cart = Prariri (m;) = Case Therefore, one can suppose a non-negative 


integer tj; such that (r;r{)'%(r?mi,—r?mj) =0,1< j <i<n. Then let k >n+t;; for all 1 < 





, k-n, 7 
° ° . . 5 m aa 
j <i<n. Since for every 1 < h <n we can write m, = 32 = —¢ ". We set my = rem. 
h h 





Hence mp, = a Also we have mirt - mire = (an re - Cnr = (rgri)*ry mi’, - 
h 

(ryra)rz my = (rygra) tH (rgri) ery mi — (npr) t8 (rpra)Pr, my = (ryri)[(rpra)?rpm 

(vara rpme) = (yr)? (ear) rm — Fm) = 0 1 <7 <4 <n. Since 4, = Xe, 

then ¥ = U?_,¥*. Hence by Lemma 2.11, there exists a; € R such that >), arf = 1. 


ait; 
— n Shand k as n Py pe | ae n kil = " 7 
Assume m = )7,_, aim; € M. Hence rjm = )7,_, airjm = D7, air7mj = mi. Thus 
Ww 
m! 


j 
Yir,(m) = rt =m,. On the other hand, for arbitrary 4 € A, we put 6, = m)1,r,(m). Then 


for any J we have Pry rirn (by) a Pry rjrr (my) ~~ Piyrjrr (m) = Pryrjrr (mj) ~~ Pry rjrr (m) = 
Pr; .r57rr (Pry rrr (m)) — Pry rirr (m) = Pry r5Tr (m) — Pry rir (m) = 0. Hence b, = 0, by Lemma 
2.10. Thus my = 1,r,(m) for A € A. 





Let M be an R-module. We will define the sheaf Ox of R-modules over (4,7). Let U be 


an arbitrary open set of Y. Define Ox(U) abruptly as a subset of II My, where p is a 
QeU,/Q:M=p 
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prime ideal of R: 


{mp} € I] M, : If an open covering{4,, },caofU and 
QEU,/Q:M=p 
my € M,,are chosen properly, then for Q € ¥), the germ m) 


at Q coincides with m,where \/(Q: M) =p 


Ox(U) = 


Lemma 2.12. Let m, ¢ M,, and my € M,,,. Then Yr, ryry, (Mr) = Pryr rary, (My). 

Proof. The germ of m, at Q € 4,,,,, equaling the germ of m) at @ means that 
the inductive limit; namely, for a certain Ym. C ¥,,,, containing Q, (*) Yryyyu (Ma) = 
Yryiryv (my). Then for each Q € 4#;,,,,, choose an open set Vp, satisfying (*). We get 


Ane, = ot! Xhg. Then, from (*) for all Q € %,r,, we have Yr,,,rg(Yry,hq(mMa)) = 
oad 


Pry, ha (Prys,hq(Ma’)). Therefore Yp,, tg (Pry,hg(Ma) — Yry1,hg(My’)) = 0. Thus Y,,,7,,(™M,) = 
Yry,ry, (my) by Lemma 2.10. 

Let X be a topological space, and for an open subset U of X, let F(U) be an R-module. 
Then F is said to be a sheaf if the following conditions are satisfied.'] 


(1) For an open set V C U of X, there exists an R-module homomorphism pj, : F(U) > 
F(V) such that: 


(i) piu = idrw), 


(ii) for open sets W CV CU of X, piu = Pwy ° Pvu- 
(2) Let U be an open set in X such that U is a union of open sets, i.e., U = Uje sUj. 


(i) If m € F(U) satisfies pt, y(m) =0, 7 € J, then m = 0. 


(ii) If m; € F(U;), j € J, satisfies pp. au, u,(™3) = Pb,qu,,u,(m), 45 € J, then there 
exists m € F(U) mj = py, y(m). 


Let M be an R-module. It is easily seen that Ox(U) with addition and multiplication as 
{mp} +{m,} = {mp +m} and r{mp} = {rmp}, where r € R, m,m’ € M and p is prime ideal 
of R, is an R-module. Furthermore, for open sets V C U we define yyy : Ox(U) > Ox(V) 
given by {mp}geu +> {mM }arev, where p = J/(Q: M) and p! = ,/(Q’: M). 

Theorem 2.5. Let M be an R-module. Then O,x is a sheaf of R-modules over XY with 
the Zariski topology T and Ox(¥) = M. 

Proof. It is easy to see that the condition (1) of the above definition hole. Now we check 
the condition (2). Suppose that U = Ujerl4; and m € Ox(U) such that yy y,(m) = 0, i € I. 


Since m € Ox(U), then m = {m,} € I] My. Therefore 0 = yuy,(m) = {mp} eeu;- 
QEU,/Q:M=p 
Hence for every @ € U; we have m, = 0. Since U = Ujerl4;, then for every Q € U we 


have mp = 0. Thus m = 0. Assume m € Ox(Ui) and gu,uinu,;(mi) = Yu, .uinu, (M;), 


a9 € I. Put Mm, = {m\} E II M,. Therefore {mP }ocunu, — Pui Uiru; (m;) = 
QeU,/Q:M=p 

Pu; Uinu; (m;) = {m? }ocrunu;- Hence for each Q E Ui; a Uu; we have mi = m??, Now, let 

m= {mp} € if My. For every Q € U; we put mp = mo, Hence m € Ox(U) and 


QeU,/Q:M=p 
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pu, (m) = {mp}qeu, = mi. Thus the condition (2) holds. It is clear that Ox (4) = Ox(#) = 
M for r=1. 


References 


1] Z. A. El-Bast and P. F. Smith, Multiplication modules, Comm. Algebra, 16(1988), No. 
4, 755-779. 

2| H. Fazaeli Moghimi and F. Rashedi, Primary-like submodules satisfying the primeful 
property, (to appear). 

3] R. Hartshorne, Algebraic geometry, Springer-Verlag, New York Inc., 1977. 

4] I. Kaplansky, Commutative rings, University of Chikago Press, Chicago, 1974. 

5| C. P. Lu, A module whose prime spectrum has the surjective natural map, Houston J. 
Math., 33(2007), No. 1, 125-143. 

6] C. P. Lu, Saturations of submodules, Comm. Algebra, 31(2003), No. 6, 2655-2673. 

7| C. P. Lu, The Zariski topology on the prime spectrum of a module, Houston J. Math., 
25(1999), No. 3, 417-425. 

8] C. P. Lu, Spectra of modules, Comm. Algebra, 23(1995), No. 10, 3741-3752. 

9] M. E. Moor and S. J. Smith, Prime and radical submodules of modules over commutative 
rings, Comm. Alegbra, 30(2002), 5073-5064. 

10] U. Tekir, On the sheaf of modules, Comm. Algebra, 33(2005), 2557-2562. 








Scientia Magna 
Vol. 10 (2014), No. 1, 93-111 


Soft neutrosophic semigroup and 
their generalization 


Mumtaz Alit, Muhammad Shabirt, Munazza Naz? and Florentin Smarandache* 


{+ Department of Mathematics, Quaid-i-Azam University, Islamabad Pakistan 
t Department of Mathematical Sciences, Fatima Jinnah Women University, 
the Mall, Rawalpindi, Pakistan 
t University of New Mexico, 705 Gurley Ave., Gallup, New Mexico 87301, USA 
E-mail: mumtazali770@yahoo.com mshabirbhatti@yahoo.co.uk 


munazzanaz@yahoo.com fsmarandache@gmail.com 


Abstract Soft set theory is a general mathematical tool for dealing with uncertain, fuzzy, 
not clearly defined objects. In this paper we introduced soft neutrosophic semigroup,soft 
neutosophic bisemigroup, soft neutrosophic N-semigroup with the discuissionf of some of their 
characteristics. We also introduced a new type of soft neutrophic semigroup, the so called 
soft strong neutrosophic semigoup which is of pure neutrosophic character. This notion also 
foound in all the other corresponding notions of soft neutrosophic thoery. We also given some 
of their properties of this newly born soft structure related to the strong part of neutrosophic 
theory. 

Keywords Neutrosophic semigroup, neutrosophic bisemigroup, neutrosophic N-semigroup, 
soft set, soft semigroup, soft neutrosophic semigroup, soft neutrosophic bisemigroup, soft ne- 


utrosophic N-semigroup. 


§1. Introduction and preliminaries 


Florentine Smarandache for the first time introduced the concept of neutrosophy in 1995, 
which is basically a new branch of philosophy which actually studies the origin, nature, and 
scope of neutralities. The neutrosophic logic came into being by neutrosophy. In neutro- 
sophic logic each proposition is approximated to have the percentage of truth in a subset T, 
the percentage of indeterminacy in a subset J, and the percentage of falsity in a subset F. 
Neutrosophic logic is an extension of fuzzy logic. In fact the neutrosophic set is the generaliza- 
tion of classical set, fuzzy conventional set, intuitionistic fuzzy set, and interval valued fuzzy 
set. Neutrosophic logic is used to overcome the problems of impreciseness, indeterminate, and 
inconsistencies of date etc. The theory of neutrosophy is so applicable to every field of alge- 
bra. W. B. Vasantha Kandasamy and Florentin Smarandache introduced neutrosophic fields, 
neutrosophic rings,neutrosophic vector spaces,neutrosophic groups,neutrosophic bigroups and 


neutrosophic N-groups, neutrosophic semigroups, neutrosophic bisemigroups, and neutrosophic 


94 Mumtaz Ali, Muhammad Shabir, Munazza Naz and Florentin Smarandache No. 1 





N-semigroups, neutrosophic loops, nuetrosophic biloops, and neutrosophic N-loops, and so on. 
Mumtaz ali et al. introduced nuetrosophic L_A-semigroups. 

Molodtsov introduced the theory of soft set. This mathematical tool is free from parame- 
terization inadequacy, syndrome of fuzzy set theory, rough set theory, probability theory and so 
on. This theory has been applied successfully in many fields such as smoothness of functions, 
game theory, operation research, Riemann integration, Perron integration, and probability. Re- 
cently soft set theory attained much attention of the researchers since its appearance and the 
work based on several operations of soft set introduced in [2,9, 10]. Some properties and algebra 
may be found in [1]. Feng et al. introduced soft semirings in [5]. By means of level soft sets 
an adjustable approach to fuzzy soft set can be seen in [6]. Some other concepts together with 
fuzzy set and rough set were shown in [7, 8]. 

This paper is about to introduced soft nuetrosophic semigroup, soft neutrosophic group, 
and soft neutrosophic N-semigroup and the related strong or pure part of neutrosophy with the 
notions of soft set theory. In the proceeding section, we define soft neutrosophic semigroup, soft 
neutrosophic strong semigroup, and some of their properties are discussed. In the next section, 
soft neutrosophic bisemigroup are presented with their strong neutrosophic part. Also in this 
section some of their characterization have been made. In the last section soft neutrosophic 
N-semigroup and their corresponding strong theory have been constructed with some of their 
properties. 


§2. Definition and properties 


Definition 2.1. Let S be a semigroup, the semigroup generated by S and Jie. SUT 
denoted by (SUI) is defined to be a neutrosophic semigroup where IJ is indeterminacy element 
and termed as neutrosophic element. 

It is interesting to note that all neutrosophic semigroups contain a proper subset which is 
a semigroup. 

Example 2.1. Let Z = {the set of positive and negative integers with zero}, Z is only 
a semigroup under multiplication. Let N(S) = {(ZUJ)} be the neutrosophic semigroup under 
multiplication. Clearly Z Cc N(S) is a semigroup. 

Definition 2.2. Let N(S) be a neutrosophic semigroup. A proper subset P of N(S) is 
said to be a neutrosophic subsemigroup, if P is a neutrosophic semigroup under the operations 
of N(S). A neutrosophic semigroup N(S’) is said to have a subsemigroup if N(S) has a proper 
subset which is a semigroup under the operations of N(S). 

Theorem 2.1. Let N(S) be a neutrosophic semigroup. Suppose P; and P2 be any two 
neutrosophic subsemigroups of N(S') then P, UP, (i.e. the union) the union of two neutrosophic 
subsemigroups in general need not be a neutrosophic subsemigroup. 

Definition 2.3. A neutrosophic semigroup N(S) which has an element e in N(S) such 
that ex s =s*e=s for all s € N(S), is called as a neutrosophic monoid. 

Definition 2.4. | Let N(S) be a neutrosophic monoid under the binary operation x. 
Suppose e is the identity in N(S), that is s*e = ex s =s for all s € N(S). We call a proper 
subset P of N(S) to be a neutrosophic submonoid if 
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1. P is a neutrosophic semigroup under *. 

2. e € P,i.e., P is a monoid under «. 

Definition 2.5. Let N(S) be a neutrosophic semigroup under a binary operation *. 
P be a proper subset of N(S'). P is said to be a neutrosophic ideal of N(S) if the following 
conditions are satisfied. 

1. P is a neutrosophic semigroup. 

2. For all p € P and for all s € N(S) we have px s and s *p are in P. 

Definition 2.6. Let N(S) be a neutrosophic semigroup. P be a neutrosophic ideal of 
N(S), P is said to be a neutrosophic cyclic ideal or neutrosophic principal ideal if P can be 
generated by a single element. 

Definition 2.7. Let (BN(S),*,0) be a nonempty set with two binary operations * and 
0. (BN(S),x,0) is said to be a neutrosophic bisemigroup if BN(S) = P1U P2 where atleast 
one of (P1,*) or (P2, 0) is a neutrosophic semigroup and other is just a semigroup. Pl and P2 
are proper subsets of BN(S), i.e. Pl  P2. 

If both (P1,*) and (P2,0) in the above definition are neutrosophic semigroups then we 
call (BN(S'), x, 0) a strong neutrosophic bisemigroup. All strong neutrosophic bisemigroups are 
trivially neutrosophic bisemigroups. 

Example 2.2. Let (BN(S),x*,0) = {0,1,2,3,7,27,37,5(3),*,o} = (Pi,*) U (Po, 0) 
where (P;,*) = {0,1,2,3,/, 27,37, *} and (P2,0) = (S(3),0). Clearly (P,,*) is a neutrosophic 
semigroup under multiplication modulo 4. (P, 0) is just a semigroup. Thus (BN(S),*,0) is a 
neutrosophic bisemigroup. 

Definition 2.8. Let (BN(S) = P1U P2;0,*) be a neutrosophic bisemigroup. A proper 
subset (T, 0, *) is said to be a neutrosophic subbisemigroup of BN(S) if 

1.7 =T1UT2 where T1 = PINT and T2 = P2NT. 

2. At least one of (T'1,0) or (T2,*) is a neutrosophic semigroup. 

Definition 2.9. Let (BN(S) = P, U Po, 0,*) be a neutrosophic strong bisemigroup. A 
proper subset T of BN(S) is called the strong neutrosophic subbisemigroup if T = T,; UT> with 
T, = P,NT and T2 = P2 NT and if both (1), *) and (To, 0) are neutrosophic subsemigroups of 
(P,,*) and (P2,0) respectively. We call T = T,UT> to be a neutrosophic strong subbisemigroup, 
if atleast one of (T,,*) or (T2,0) is a semigroup then T = T) U Ty) is only a neutrosophic 
subsemigroup. 

Definition 2.10. Let (BN(S) = P, U Pox, 0) be any neutrosophic bisemigroup. Let J 
be a proper subset of B(NS’) such that J; = JM P, and Jg = JNM Py» are ideals of P,; and P, 
respectively. Then J is called the neutrosophic bi-ideal of BN(S). 

Definition 2.11. Let (BN(S), *, 0) be a strong neutrosophic bisemigroup where BN(S') = 
P,U P, with (P,,*) and (P2,0) be any two neutrosophic semigroups. Let J be a proper subset 
of BN(S) where I = I, U Ig with I) = JM P, and Ig = JNM Py are neutrosophic ideals of 
the neutrosophic semigroups P; and P, respectively. Then I is called or defined as the strong 
neutrosophic bi-ideal of B(.N(S)). 

Union of any two neutrosophic bi-ideals in general is not a neutrosophic bi-ideal. This is 
true of neutrosophic strong bi-ideals. 


Definition 2.12. Let {S(N),*1,...,*} be a non empty set with N-binary operations 


96 Mumtaz Ali, Muhammad Shabir, Munazza Naz and Florentin Smarandache No. 1 





defined on it. We call S(N) a neutrosophic N-semigroup (N a positive integer) if the following 
conditions are satisfied. 

1. S(N) = S$, U...U Sy where each S; is a proper subset of S(N) i.e. S; GS; or Sj & S; 
fiz. 

2. (S;,*;) is either a neutrosophic semigroup or a semigroup for 7 = 1,2,...,N. 

If all the N-semigroups (Si, *i) are neutrosophic semigroups (i.e. for 7 = 1,2,...,.N) then 
we call S(NV) to be a neutrosophic strong N-semigroup. 

Example 2.3. Let S(N) = {5,US2US3US4, *1, *2, *3, x4} be a neutrosophic 4-semigroup 
where 

S, = {Z12, semigroup under multiplication modulo 12}. 

So = {0,1,2,3,7,27,32, semigroup under multiplication modulo 4}, a neutrosophic semi- 
group. 


a b 
S3= ;a,b,c,d € (RUT) >, neutrosophic semigroup under matrix multiplica- 
c 


tion and S4 = (Z UT), neutrosophic semigroup under multiplication. 

Definition 2.13. Let S(N) = {51 U Sy U...U Sy, #1,...,*w} be a neutrosophic N- 
semigroup. A proper subset P = {P, UP, U...U Py, *1, *2,...,*n} of S(N) is said to be a 
neutrosophic Nsubsemigroup if P; = PM $;,7 = 1,2,...,N are subsemigroups of S; in which 
atleast some of the subsemigroups are neutrosophic subsemigroups. 

Definition 2.14. Let S(N) = {5; US2U...U Sw, *1,...,*w} be a neutrosophic strong 
N-semigroup. A proper subset T = {T, UT) U...UTy,*1,...,*w} of S(N) is said to be a 
neutrosophic strong sub N-semigroup if each (Tj, *;) is a neutrosophic subsemigroup of (S;, *;) 
fori =1,2,...,N where T; = T1 Sj. 

If only a few of the (Ti,*i) in T are just subsemigroups of ($7, *7) (ie. (Ti, *i) are not 
neutrosophic subsemigroups then we call T to be a sub N-semigroup of S(V). 

Definition 2.15. Let S(N) = {51 U $9 U...U Sy, *1,...,*n} be a neutrosophic N- 
semigroup. A proper subset P = {P; U Po U...U Py, *1,...,*n} of S(N) is said to be a 
neutrosophic N-subsemigroup, if the following conditions are true, 

i. P is a neutrosophic sub N-semigroup of S(V). 

ii. Each P; = PN S;,2 = 1,2,...,N is an ideal of S;. 

Then P is called or defined as the neutrosophic N-ideal of the neutrosophic N-semigroup 
S(N). 

Definition 2.16. Let S(N) = {5; US2U...U Sn, *1,...,*w} be a neutrosophic strong 
N-semigroup. A proper subset J = {I, UIj2U...UIn} where I, = JN S; for t = 1,2,...,.N is 
said to be a neutrosophic strong N-ideal of S(N) if the following conditions are satisfied. 

1. Each is a neutrosophic subsemigroup of S;,t = 1,2,...,N i.e. It is a neutrosophic 
strong N-subsemigroup of S(N). 

2. Each is a two sided ideal of S; for t= 1,2,...,N. 

Similarly one can define neutrosophic strong N-left ideal or neutrosophic strong right ideal 
of S(N). 

A neutrosophic strong N-ideal is one which is both a neutrosophic strong N-left ideal and 
N-right ideal of S(N). 
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Throughout this subsection U refers to an initial universe, F is a set of parameters, P(U) 
is the power set of U, and A C E. Molodtsov !!?! defined the soft set in the following manner: 

Definition 2.17. A pair (F, A) is called a soft set over U where F is a mapping given 
by F: A—> P(U). 

In other words, a soft set over U is a parameterized family of subsets of the universe U. 
For e € A, F(e) may be considered as the set of e-elements of the soft set (Ff, A), or as the set 
of e-approximate elements of the soft set. 


Example 2.4. Suppose that U is the set of shops. F is the set of parameters and each 
parameter is a word or senctence. Let E={high rent, normal rent, in good condition, in bad 
condition}. Let us consider a soft set (Ff, A) which describes the attractiveness of shops that Mr. 
Z is taking on rent. Suppose that there are five houses in the universe U = {hy, ha, h3, ha, hs} 
under consideration, and that A = {e1, e€2,e3} be the set of parameters where 


e, stands for the parameter high rent. 

€2 stands for the parameter normal rent. 

e3 stands for the parameter in good condition. 

Suppose that 

F(e1) = {hy, ha}. 

F(e2) = {he, hs}. 

F(e3) = {hg, ha, hs}. 

The soft set (F, A) is an approximated family {F(e;),7 = 1,2,3} of subsets of the set U 


which gives us a collection of approximate description of an object. Thus, we have the soft set 
(F, A) as a collection of approximations as below: 

(F, A) = {high rent = {h1, ha}, normal rent = {h2, hs}, in good condition = {h3, ha, hs}}. 

Definition 2.18. For two soft sets (F', A) and (H, B) over U, (F, A) is called a soft subset 
of (H, B) if 

1 ACB. 

2. F(e) C G(e), for alle € A. 

This relationship is denoted by (F, A) Cc (H, B). Similarly (F, A) is called a soft superset 
of (H, B) if (H, B) is a soft subset of (F', A) which is denoted by (F, A) D (H, B). 

Definition 2.19. Two soft sets (F,.A) and (H, B) over U are called soft equal if (F, A) 
is a soft subset of (H, B) and (H, B) is a soft subset of (PF, A). 

Definition 2.20. (9, A) over U is called an absolute soft set if F(e) =U for alle ce A 
and we denote it by U. 


Definition 2.21. Let (F, A) and (G, B) be two soft sets over a common universe U such 
that AN B # ¢. Then their restricted intersection is denoted by(F, A) Nr (G,B) = (A,C) 
where (H,C) is defined as H(c) = F(c)N G(c) for alc € C= ANB. 

Definition 2.22. The extended intersection of two soft sets (F, A) and (G, B) over a 
common universe U is the soft set (H,C), where C = AUB, and for all e € C, H(e) is defined 


as 
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F(e), ifee A-B, 
H(e) = G(e), ifee B—A, 
F(e)N Ge), ifee ANB. 

We write (F, A). (G, B) = (H,C). 

Definition 2.23. The resticted union of two soft sets (fF, A) and (G, B) over a common 
universe U is the soft set (H,C), where C = AU B, and for all e € C, H(e) is defined as the 
soft set (H,C) = (F, A) Ur (G, B) where C= AN B and H(c) = F(c) UG(c) for all ce C. 

Definition 2.24. The extended union of two soft sets (F', A) and (G, B) over a common 
universe U is the soft set (H,C), where C = AUB, and for all e € C, H(e) is defined as 


F(e), ifee A-B, 
H(e) = G(e), ifee B—A, 
F(e)UG(e), ifee ANB. 
We write (F, A) U. (G, B) = (H,C). 
Definition 2.25. A soft set (F,A) over S is called a soft semigroup over S if (F, A) 
(F, A) C (F, A). 
It is easy to see that a soft set (F, A) over S' is a soft semigroup if and only if ¢ 4 F (a) is 


XK 
10) 


a subsemigroup of S. 

Definition 2.26. A soft set (fF, A) over a semigroup S is called a soft left (right) ideal 
over S, if (S,E) C (F, A), ((F, A) C (5, £)). 

A soft set over S' is a soft ideal if it is both a soft left and a soft right ideal over S. 

Proposition 2.1. A soft set (fF, A) over S is a soft ideal over S if and only if ¢ 4 F (a) 
is an ideal of S. 

Definition 2.27. Let (G, B) be a soft subset of a soft semigroup (F,A) over S, then 
(G, B) is called a soft subsemigroup (ideal) of (F, A) if G(b) is a subsemigroup (ideal) of F' (0) 
for allbe A. 


§3. Soft neutrosophic semigroup 


Definition 3.1. Let N(S) be a neutrosophic semigroup and (FA) be a soft set over 
N(S). Then (F, A) is called soft neutrosophic semigroup if and only if F(e) is neutrosophic 
subsemigroup of N(S), for all e € A. 

Equivalently (F, A) is a soft neutrosophic semigroup over N(S) if (F, A) $ (F, A) C (F, A), 
where Nw(s),A) # (F, A) x dQ. 

Example 3.1. Let N(S) = (Z* U {0}* U {7}) be a neutrosophic semigroup under 
+. Consider P = (2Z* UTI) and R = (3Z* UTI) are neutrosophic subsemigroup of N(S). 
Then clearly for all e € A, (F, A) is a soft neutrosophic semigroup over N(S), where F(x,) = 
OZ WIV Pa) 82 Wa 

Theorem 3.1. <A soft neutrosophic semigroup over N(S') always contain a soft semigroup 


over S. 
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Proof. The proof of this theorem is straight forward. 

Theorem 3.2. Let (Ff, A) and (H, A) be two soft neutrosophic semigroups over N(S). 
Then their intersection (F, A) (H, A) is again soft neutrosophic semigroup over N(S). 

Proof. The proof is staight forward. 

Theorem 3.3. Let (F,A) and (H, B) be two soft neutrosophic semigroups over N(S). 
If AN B= ¢, then (F, A) U (A, B) is a soft neutrosophic semigroup over N(S). 

Remark 3.1. The extended union of two soft neutrosophic semigroups (F, A) and (K, B) 
over N(S) is not a soft neutrosophic semigroup over N(S). 

We take the following example for the proof of above remark. 

Example 3.2. Let N(S) = (Z*t U1) be the neutrosophic semigroup under +. Take 
P, = {(2Z* UI)} and Py = {(3Z* UI)} to be any two neutrosophic subsemigroups of N(S). 
Then clearly for all e € A, (F, A) is a soft neutrosophic semigroup over N(S), where F(x,) = 
{227 OD)}, Pe) ={8Z7 UD). 

Again Let Ry = {(5Z*UI)} and Ry = {(4Z+ UI)} be another neutrosophic subsemigroups 
of N(S) and (K, B) is another soft neutrosophic semigroup over N(S), where K (21) = {(5Z7U 
1}, K (ws) = {(4Z+ UD}. 

Let C = AUB. The extended union (F, A) Uz (K,B) = (H,C) where x, € C, we 
have H(a 1) = F(a1) U K (a1) is not neutrosophic subsemigroup as union of two neutrosophic 
subsemigroup is not neutrosophic subsemigroup. 

Proposition 3.1. The extended intersection of two soft neutrosophic semigroups over 
N(S) is soft neutrosophic semigruop over N(S/). 

Remark 3.2. The restricted union of two soft neutrosophic semigroups (F, A) and (K, B) 
over N(S) is not a soft neutrosophic semigroup over N(S). 

We can easily check it in above example. 

Proposition 3.2. The restricted intersection of two soft neutrosophic semigroups over 
N(S) is soft neutrosophic semigroup over N(S). 

Proposition 3.3. The AND operation of two soft neutrosophic semigroups over N(S) 
is soft neutrosophic semigroup over N (3S). 

Proposition 3.4. The OR operation of two soft neutosophic semigroup over N(S) may 
not be a soft nuetrosophic semigroup over N(S). 

Definition 3.2. Let N(S) be a neutrosophic monoid and (F,, A) be a soft set over N(S). 
Then (F, A) is called soft neutrosophic monoid if and only if F(e) is neutrosophic submonoid 
of N(S), for all x € A. 

Example 3.3. Let N(S) = (ZUI) be a neutrosophic monoid under +. Let P = (2ZUT) 
and Q = (3Z UI) are neutrosophic submonoids of N(S). Then (F, A) is a soft neutrosophic 
monoid over N(S), where F(x1) = {(2ZUI)}, F(a2) = {(3ZUT)}. 

Theorem 3.4. Every soft neutrosophic monoid over N(S) is a soft neutrosophic semi- 
group over N(S) but the converse is not true in general. 

Proof. The proof is straightforward. 

Proposition 3.5. Let (F,A) and (K, B) be two soft neutrosophic monoids over N(S). 
Then 
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1. Their extended union (F, A) U- (K, B) over N(S) is not soft neutrosophic monoid over 
N(S). 

2. Their extended intersection (F’, A)N- (K, B) over N(S) is soft neutrosophic monoid over 
N(S). 

3. Their restricted union (F, A) Ur (K, B) over N(S) is not soft neutrosophic monoid over 
N(S). 

4. Their restricted intersection (F,A)M- (K,B) over N(S) is soft neutrosophic monoid 
over N(S). 

Proposition 3.6. Let (F,A) and (H,B) be two soft neutrosophic monoid over N(S). 
Then 

1. Their AND operation (F, A) A (H, B) is soft neutrosophic monoid over N(S). 

2. Their OR operation (F, A) V (H, B) is not soft neutrosophic monoid over N(S). 

Definition 3.3. Let (Ff, A) be a soft neutrosophic semigroup over N(S), then (F, A) is 
called Full-soft neutrosophic semigroup over N(S) if F(a) = N(S), for all « € A. We denote it 
by N(S). 

Theorem 3.5. Every Full-soft neutrosophic semigroup over N(S') always contain absolute 
soft semigroup over S. 

Proof. The proof of this theorem is straight forward. 

Definition 3.4. Let (Ff, A) and (H, B) be two soft neutrosophic semigroups over N(S). 
Then (H, B) is a soft neutrosophic subsemigroup of (F, A), if 

1 BCA. 

2. H(a) is neutrosophic subsemigroup of F(a), for all a € B. 

Example 3.4. Let N(S') = (ZUI) be a neutrosophic semigroup under +. Then (Ff, A) isa 
soft neutrosophic semigroup over N(S), where F(x) = {((2Z UI)}, F(a2) = {(83Z UT)}, F(x3) = 
{(5ZUT)}. 

Let B = {21,22} C A. Then (H, B) is soft neutrosophic subsemigroup of (F’, A) over N(S), 
where H(x1) = {(4Z UID)}, H(ae) = {(6ZUT)}. 

Theorem 3.6. A soft neutrosophic semigroup over N(S) have soft neutrosophic sub- 
semigroups as well as soft subsemigroups over N(S). 

Proof. Obvious. 

Theorem 3.7. Every soft semigroup over S is always soft neutrosophic subsemigroup of 
soft neutrosophic semigroup over N(S). 

Proof. The proof is obvious. 

Theorem 3.8. Let (F, A) be asoft neutrosophic semigroup over N (S) and {(H;, B;) ;i € I} 
is a non empty family of soft neutrosophic subsemigroups of (F, A) then 

1. Nier (Hi, B;) is a soft neutrosophic subsemigroup of (F’, A). 

2. Aier (H;, B;) is a soft neutrosophic subsemigroup of Ajer (F, A). 

3. Uier (Hi, Bi) is a soft neutrosophic subsemigroup of (F,A) if B; B; = 4, for alli # j. 

Proof. Straightforward. 

Definition 3.5. A soft set (F,A) over N(S) is called soft neutrosophic left (right) ideal 
over N(S) if N(S) 3 (FA) C (F,A), where Nwyis),a) # (F,A) # @ and N(S) is Full-soft 
neutrosophic semigroup over N(S). 
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A soft set over N(S) is a soft neutrosophic ideal if it is both a soft neutrosophic left and a 
soft neutrosophic right ideal over N(S). 

Example 3.5. Let N(S) = (ZU) be the neutrosophic semigroup under multiplication. 
Let P = (2Z UI) and Q = (4Z UI) are neutrosophic ideals of N(5'). Then clearly (F, A) is a 
soft neutrosophic ideal over N(S), where F(x,) = {(2ZUT)}, F(a2) = {(4Z UT)}. 

Proposition 3.7. (fF, A) is soft neutrosophic ideal if and only if F(x) is a neutrosophic 
ideal of N(S), for all x € A. 

Theorem 3.9. Every soft neutrosophic ideal (F,A) over N (S) is a soft neutrosophic 
semigroup but the converse is not true. 

Proposition 3.8. Let (F,A) and (K, B) be two soft neutrosophic ideals over N(S). 
Then 

1. Their extended union (F, A) U; (K, B) over N(S) is soft neutrosophic ideal over N(S). 

2. Their extended intersection (F,.A)M_- (K,B) over N(S) is soft neutrosophic ideal over 
N(S). 

3. Their restricted union (F, A) Ur (K, B) over N(S) is soft neutrosophic ideal over N(S). 

4. Their restricted intersection (fF, A)N- (K,B) over N(S') is soft neutrosophic ideal over 
N(S). 

Proposition 3.9. 

1. Let (F, A) and (H, B) be two soft neutrosophic ideal over N(S). 

2. Their AND operation (F', A) A (H, B) is soft neutrosophic ideal over N(S). 

3. Their OR operation (F, A) V (H, B) is soft neutrosophic ideal over N(S). 

Theorem 3.10. Let (F,A) and (G,B) be two soft semigroups (ideals) over S and T 
respectively. Then (F, A) x (G, B) is also a soft semigroup (ideal) over S x T. 

Proof. The proof is straight forward. 

Theorem 3.11. Let (F, A) beasoft neutrosophic semigroup over N (S') and {(H;, B;) ;4 € I} 
is a non empty family of soft neutrosophic ideals of (F, A) then 

1. Nier (Hi, B;) is a soft neutrosophic ideal of (F, A). 

2. Aicr (H;, B;) is a soft neutrosophic ideal of Ajc; (F, A). 

3. Uier (H;, B;) is a soft neutrosophic ideal of (F, A). 

4. Vier (Hj, B;) is a soft neutrosophic ideal of Vier (F, A). 

Definition 3.6. A soft set (Ff, A) over N(S) is called soft neutrosophic principal ideal 
or soft neutrosophic cyclic ideal if and only if F(a) is a principal or cyclic neutrosophic ideal of 
N(S), for all  € A. 

Proposition 3.10. Let (F,A) and (K, B) be two soft neutrosophic principal ideals over 
N(S). Then 

1. Their extended union (F, A)U,- (AK, B) over N(S) is not soft neutrosophic principal ideal 
over N(S). 

2. Their extended intersection (F,.A)M.- (K,B) over N(S) is soft neutrosophic principal 
ideal over N(S). 

3. Their restricted union (FA) Ur (K, B) over N(S) is not soft neutrosophic principal 
ideal over N(S). 
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4. Their restricted intersection (F, A) Me. (K,B) over N(S) is soft neutrosophic principal 
ideal over N(S). 

Proposition 3.11. Let (F, A) and (H, B) be two soft neutrosophic principal ideals over 
N(S). Then 

1. Their AND operation (F, A) A (H, B) is soft neutrosophic principal ideal over N(S). 

2. Their OR operation (F, A) V (H, B) is not soft neutrosophic principal ideal over N(S). 


§3. Soft neutrosophic bisemigroup 


Definition 3.1. Let {BN (S), *1,*2} be a neutrosophic bisemigroup and let (F, A) be 
a soft set over BN(S). Then (F, A) is said to be soft neutrosophic bisemigroup over BN(G) if 
and only if F(a) is neutrosophic subbisemigroup of BN(G) for all x € A. 

Example 3.1. Let BN(S) = {0,1,2,/,2I,(ZUTI), x, +} be a neutosophic bisemigroup. 
Let T = {0,1,21,(2Z U1),x,+},P = {0,1,2,(5Z UD), x,+} and L = {0,1,2,Z,x,+} are 
neutrosophic subbisemigroup of BN (S). The (F, A) is clearly soft neutrosophic bisemigroup 
over BN (S), where F (21) = {0, 1,20, (2ZUI), x, +}, F (v2) = {0, 1,2, (5ZUL), x, +}, F (x3) = 
LOT OF, %,4Y, 

Theorem 3.1. Let (F, A) and (H, A) be two soft neutrosophic bisemigroup over BN(S). 
Then their intersection (Ff, A) 9 (H, A) is again a soft neutrosophic bisemigroup over BN(S). 

Proof. Straightforward. 

Theorem 3.2. Let (Ff, A) and (H, B) be two soft neutrosophic bisemigroups over BN(S) 
such that AN B = ¢, then their union is soft neutrosophic bisemigroup over BN(S). 

Proof. Straightforward. 

Proposition 3.1. Let (F, A) and (K, B) be two soft neutrosophic bisemigroups over 
BN(S). Then 

1. Their extended union (F', A) U- (K, B) over BN(S) is not soft neutrosophic bisemigroup 
over BN(S). 

2. Their extended intersection (fF, A)N-(K, B) over BN(S) is soft neutrosophic bisemigroup 
over BN(S). 

3. Their restricted union (F, A)Ur(K, B) over BN(S) is not soft neutrosophic bisemigroup 
over BN(S). 

4. Their restricted intersection (F, A). (K,B) over BN(S) is soft neutrosophic bisemi- 
group over BN(S). 

Proposition 3.2. Let (F,A) and (K,B) be two soft neutrosophic bisemigroups over 
BN(S). Then 

1. Their AND operation (F, A) A (K, B) is soft neutrosophic bisemigroup over BN (5S). 

2. Their OR operation (F, A) V (K, B) is not soft neutrosophic bisemigroup over BN(S). 

Definition 3.2. Let (F, A) be a soft neutrosophic bisemigroup over BN(S), then (F, A) 
is called Full-soft neutrosophic bisemigroup over BN(S) if F(a) = BN(S), for all « € A. We 
denote it by BN(S). 

Definition 3.3. | Let (Ff, A) and (H,B) be two soft neutrosophic bisemigroups over 
BN(S). Then (H, B) is a soft neutrosophic subbisemigroup of (F, A), if 
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1 BCA. 

2. H(«) is neutrosophic subbisemigroup of F'(x), for all x € B. 

Example 3.2. Let BN(S) = {0,1,2,/,2I,(Z UTI), x, +} be a neutosophic bisemigroup. 
Let T = {0,1,21,(2Z UI),x,+},P = {0,1,2,(5Z UD), x,+} and L = {0,1,2,Z,x,+} are 
neutrosophic subbisemigroup of BN (S). The (F, A) is clearly soft neutrosophic bisemigroup 
over BN (S), where F (21) = {0, 1,20, (2ZUI), x, +}, F (v2) = {0, 1,2, (5ZUL), x, +}, F (x3) = 
FO Ao Foe ey 

Then (H, B) is a soft neutrosophic subbisemigroup of (F, A), where H (x1) = {0,/, (4Z UI), 
x, +}, H (x3) = {0,1,47, x, +}. 

Theorem 3.3. Let (Ff, A) be a soft neutrosophic bisemigroup over BN (S) and {(H;, B;); 
i € I} be a non-empty family of soft neutrosophic subbisemigroups of (F', A) then 

1. Nier (Hi, B;) is a soft neutrosophic subbisemigroup of (F, A). 

2. Aicr (H;, B;) is a soft neutrosophic subbisemigroup of Aje7 (F, A). 

3. User (H;, B;) is a soft neutrosophic subbisemigroup of (F, A) if B;1.B; = ¢, for alli F 7. 

Proof. Straightforward. 

Theorem 3.4. (F, A) is called soft neutrosophic biideal over BN (S) if F(x) is neutro- 
sophic biideal of BN(S), for all x € A. 

Example 3.3. Let BN(S) = ({(Z U I),0,1,2,7,27,+,x}(x under multiplication 
modulo 3)). Let T = {(2ZU 1),0,1,1,21,+,x} and J = {(8ZU 1), {0,1,1,2I}, +x} are 
ideals of BN(S). Then (FA) is soft neutrosophic biideal over BN(S), where F(x) = 
{(2Z UI),0,1,1, 21, +, x}, F (a2) = {(8Z UI), {0, 1, 1, 20}, +x}. 

Theorem 3.5. Every soft neutrosophic biideal (Ff, A) over BS (N) is a soft neutrosophic 
bisemigroup but the converse is not true. 

Proposition 3.3. Let (Ff, A) and (K, B) be two soft neutrosophic biideals over BN(S). 
Then 

1. Their extended union (F, A) Ue (KX, B) over BN(S) is not soft neutrosophic biideal over 
BN(S). 

2. Their extended intersection (FA). (K,B) over BN(S) is soft neutrosophic biideal 
over BN(S). 

3. Their restricted union (fF, A)Ur(K, B) over BN(S) is not soft neutrosophic biideal over 
BN(S). 

4. Their restricted intersection (F,A)M.- (K,B) over BN(S) is soft neutrosophic biideal 
over BN(S). 

Proposition 3.4. Let (F,A) and (H, B) be two soft neutrosophic biideal over BN(S). 
Then 

1. Their AND operation (F, A) A (H, B) is soft neutrosophic biideal over BN(S). 

2. Their OR operation (F, A) V (H, B) is not soft neutrosophic biideal over BN(S). 

Theorem 3.6. 

Let (F, A) be a soft neutrosophic bisemigroup over BN (S) and {(H;, B;);7 € I} is a non 
empty family of soft neutrosophic biideals of (F, A) then 

1. Mier (Hi, B;) is a soft neutrosophic biideal of (F’, A). 

2. Aier (H;, B;) is a soft neutrosophic biideal of Ajer (F, A). 
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§4. Soft neutrosophic strong bisemigroup 


Definition 4.1. Let (F, A) be a soft set over a neutrosophic bisemigroup BN(S). Then 
(F, A) is said to be soft strong neutrosophic bisemigroup over BN(G) if and only if F(a) is 
neutrosophic strong subbisemigroup of BN(G) for all x € A. 

Example 4.1. Let BN(S) = {0,1,2,/,2I,(ZUT), x,+} be a neutrosophic bisemigroup. 
Let T = {0,/,27,(2Z UT),x,+} and R = {0,1,/,(4Z UTI), x,+} are neutrosophic strong 
subbisemigroups of BN (.S). Then (Ff, A) is soft neutrosophic strong bisemigroup over BN (S), 
where F (x1) = {0,1,2I,(2Z UI), x, +}, F (x2) = {0,1,1,(4ZU I), x, +}. 

Theorem 4.1. Every soft neutrosophic strong bisemigroup is a soft neutrosophic bisemi- 
group but the converse is not true. 

Proposition 4.1. Let (Ff, A) and (K, B) be two soft neutrosophic strong bisemigroups 
over BN(S). Then 

1. Their extended union (F,A) U- (K,B) over BN(S) is not soft neutrosophic strong 
bisemigroup over BN(S). 

2. Their extended intersection (F,A)N- (K,B) over BN(S) is soft neutrosophic stong 
bisemigroup over BN (3S). 

3. Their restricted union (F,A) Ur (K,B) over BN(S) is not soft neutrosophic stong 
bisemigroup over BN (3S). 

4. Their restricted intersection (fF, A) M- (K,B) over BN(S) is soft neutrosophic strong 
bisemigroup over BN (3S). 





Proposition 4.2. Let (Ff, A) and (K, B) be two soft neutrosophic strong bisemigroups 
over BN(S). Then 

1. Their AND operation (F,A) A (K,B) is soft neutrosophic strong bisemigroup over 
BN(S). 
2. Their OR operation (F, A) V (K, B) is not soft neutrosophic strong bisemigroup over 
BN(S). 

Definition 4.2. Let (F,A) and (H, B) be two soft neutrosophic strong bisemigroups 
over BN(S). Then (H, B) is a soft neutrosophic strong subbisemigroup of (F, A), if 

1 BCA. 

2. H(«) is neutrosophic strong subbisemigroup of F(x), for all x € B. 

Example 4.2. Let BN(S) = {0,1,2,/,2I, (ZUT), x,+} be a neutrosophic bisemigroup. 
Let T = {0,/,27,(2Z UI),x,+} and R = {0,1,/,(4Z UTI), x,+} are neutrosophic strong 
subbisemigroups of BN ('). Then (F, A) is soft neutrosophic strong bisemigroup over BN (S), 
where F (x1) = {0,1,2I,(2Z UI), x, +}, F (x2) = {0, 1, (4ZU 1), x, +}. 

Then (H,B) is a soft neutrosophic strong subbisemigroup of (F,A), where H (a1) = 
{0,1,(4ZUI),x,+}. 

Theorem 4.2. Let (F,A) be a soft neutrosophic strong bisemigroup over BN (S) and 
{(Hi, Bi) ;i € I} be a non empty family of soft neutrosophic strong subbisemigroups of (F’, A) 
then 

1. Nier (Hi, B;) is a soft neutrosophic strong subbisemigroup of (F, A). 

2. Aier (H;, B;) is a soft neutrosophic strong subbisemigroup of Ajer (F, A). 
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3. Uier (Hi, Bi) is a soft neutrosophic strong subbisemigroup of (F, A) if B; 1 B; = @, for 
alli #7. 

Proof. Straightforward. 

Definition 4.3. (Ff, A) over BN (S) is called soft neutrosophic strong biideal if F(x) is 
neutosophic strong biideal of BN(S), for all x € A. 

Example 4.3. Let BN(S) = ({(ZUJ),0,1, 2,7, 27}, +, x(x under multiplication modulo 
3)). Let T = {(2Z7 UT),0,7,1,22,4+,x} and J = {(8Z UI), {0,1, 2,27}, +x} are neutrosophic 
strong ideals of BN (S). Then (F, A) is soft neutrosophic strong biideal over BN (S), where 
F (a1) = {(2Z UI), 0,1,1,2I, +, x}, F (a2) = {(8Z UD), {0, 1, L, 20}, +x}. 

Theorem 4.3. — Every soft neutrosophic strong biideal (F,.A) over BS (N) is a soft 
neutrosophic bisemigroup but the converse is not true. 

Theorem 4.4. Every soft neutrosophic strong biideal (FA) over BS (N) is a soft 
neutrosophic strong bisemigroup but the converse is not true. 

Proposition 4.3. Let (F,A) and (K,B) be two soft neutrosophic strong biideals over 
BN(S). Then 

1. Their extended union (F, A)U,(K, B) over BN(S) is not soft neutrosophic strong biideal 
over BN(S). 

2. Their extended intersection (F,A)M- (K,B) over BN(S)) is soft neutrosophic strong 
biideal over BN(S). 

3. Their restricted union (fF, A) Up (K,B) over BN(S) is not soft neutrosophic strong 
biideal over BN(S). 

4. Their restricted intersection (F, A) M- (K,B) over BN(S) is soft neutrosophic stong 
biideal over BN(S). 

Proposition 4.4. Let (F,A) and (H, B) be two soft neutrosophic strong biideal over 
BN(S). Then 

1. Their AND operation (F, A) A (H, B) is soft neutrosophic strong biideal over BN(S). 

2. Their OR operation (F, A) V (H, B) is not soft neutrosophic strong biideal over BN(S). 

Theorem 4.5. Let (F,A) be a soft neutrosophic strong bisemigroup over BN (S) and 
{(H;, B;) ;i € I} is anon empty family of soft neutrosophic strong biideals of (F', A) then 

1. Mier (Hi, B;) is a soft neutrosophic strong biideal of (F, A). 

2. Aicr (H;, B;) is a soft neutrosophic strong biideal of Ajez (F, A). 


§5. Soft neutrosophic N-semigroup 


Definition 5.1. Let {S(NV),*1,...,*} be a neutrosophic N-semigroup and (F, A) be 
a soft set over {S(N),*1,...,*}. Then (F, A) is termed as soft neutrosophic N-semigroup if 
and only if F(a) is neutrosophic sub N-semigroup, for all x € A. 

Example 5.1. Let S(N) = {5,US2US3US4, *1, *2, *3, x4} be a neutrosophic 4-semigroup 
where 

S, = {Z12, semigroup under multiplication modulo 12}. 

So = {0,1,2,3,7,27,32, semigroup under multiplication modulo 4}, a neutrosophic semi- 
group. 
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a b 
S3 = ;a,b,c,d € (RUT) >, neutrosophic semigroup under matrix multiplica- 
cd 


tion. 
S4 = (ZUTI), neutrosophic semigroup under multiplication. Let T = {T, U To U T3 U 
T4, *1, *2, *3, *4} is a neutosophic sub 4-semigroup of S (4), where T; = {0,2,4,6,8,10} C Zy2, 


b 
T, = {0,1,21,30} C $2,T: =%( "| ;0,.ede (QUD$ C Ss, TA={(5ZUD} CM, 
cd 


the neutrosophic semigroup under multiplication. Also let P = {P,U P2U P3U Py, *1, *2, *3, *4} 
be another neutrosophic sub 4-semigroup of S (4), where P; = {0,6} C Zi2, Po = {0,1, I} c 


b 
So, Pa= dl"  )sabede(ZUD$ C83, Py = {(2ZUD} C %. Then (F,A) is soft 
cd 


neutrosophic 4-semigroup over S (4), where 


b 
F(a) = {0,2,4,6,8,10}U {0,7,27,3;U¢ | ° -a,b,c,d€ (QUI) SUL{(BZUD}, 
d 


I 


F (x2) {0,6} U {0, 1, 2} U i : ;a,b,c,d€ (ZUTL) pU{(2ZUT)}. 


Theorem 5.1. Let (F, A) and (H, A) be two soft neutrosophic N-semigroup over S(N). 
Then their intersection (Ff, A) M (H, A) is again a soft neutrosophic N-semigroup over S(N). 

Proof. Straightforward. 

Theorem 5.2. Let (F, A) and (H, B) be two soft neutrosophic N-semigroups over S(NV) 
such that AN B = ¢, then their union is soft neutrosophic N-semigroup over S(N). 

Proof. Straightforward. 

Proposition 5.1. Let (F,A) and (K, B) be two soft neutrosophic N-semigroups over 
S(N). Then 

1. Their extended union (F’, A) U, (K, B) over S(N) is not soft neutrosophic N-semigroup 
over S(N). 

2. Their extended intersection (Ff, A)N-(K, B) over S(N) is soft neutrosophic N-semigroup 
over S(N). 

3. Their restricted union (F, A) Up (K, B) over S(N) is not soft neutrosophic N-semigroup 
over S(N). 

4. Their restricted intersection (F’, A)N.-(K, B) over S(N) is soft neutrosophic N-semigroup 
over S(N). 

Proposition 5.2. Let (F,A) and (K, B) be two soft neutrosophic N-semigroups over 
S(N). Then 

1. Their AND operation (F, A) A (K, B) is soft neutrosophic N-semigroup over S(N). 

2. Their OR operation (F, A) V (K, B) is not soft neutrosophic N-semigroup over S(V). 

Definition 5.2. Let (F, A) be a soft neutrosophic N-semigroup over S(N), then (F, A) 
is called Full-soft neutrosophic N-semigroup over S(N) if F(a) = S(N), for alla € A. We 
denote it by S(NV). 
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Definition 5.3. Let (F, A) and (H,B) be two soft neutrosophic N-semigroups over 
S(N). Then (H, B) is a soft neutrosophic sub N-semigroup of (F, A), if 

1 BCA. 

2. H(a) is neutrosophic sub N-semigroup of F(a), for all « € B. 

Example 5.2. Let S(N) = {5,US2US3US4, *1, *2, *3, x4} be a neutrosophic 4-semigroup 
where 

S, = {Z12, semigroup under multiplication modulo 12}. 

So = {0,1,2,3,7,27,32, semigroup under multiplication modulo 4}, a neutrosophic semi- 
group. 


a b 
S3 = ;a,b,c,d € (RUT) >, neutrosophic semigroup under matrix multiplica- 
cd 


tion. 
S4 = (ZUTI), neutrosophic semigroup under multiplication. Let T = {T, U To U T3 U 
T4, *1, *2,*3,*4} is a neutosophic sub 4-semigroup of S (4), where T; = {0,2,4,6,8,10} C 


a b 
212, Th = {0, 7,27, 37} Cc So, T3 = 3a,b,c,d € (QUI) Cc S3, Ty = {(5Z U 
cd 


I)} Cc $4, the neutrosophic semigroup under multiplication. Also let P = {P, U Py U P3U 
P4, *1,*2,*3, x4} be another neutrosophic sub 4-semigroup of $' (4), where P,; = {0,6} C Zi, 


a b 
Py = {0,1,I} C So, P3 = :a,b,c,d € (ZUT) C S3, Py = {(2ZUT)} C Sy. Also 
cd 
let R = {R, U Ro U R3 U Ra, ¥1, #2, *3,*4} be a neutrosophic sub 4-semigroup os S (4) where 
a b 
R, = {0,3,6,9}, Ro = {0,/,27},R3 = :a,b,c,d € (2ZUT) >, Ry = {(3ZUT)}. 
cd 


Then (F, A) is soft neutrosophic 4-semigroup over S' (4), where 


b 
F(a) = {0,2,4,6,8,10}U {0,7,27,3}U2 | ° -a,b,c,d€ (QUI) SU{(EZUD}, 
cd 
a b 
F(a.) = {0,6}U {0,1,7}U ; :a,b,c,d€ (ZUT) pU{QZUD}, 
Cc 
a b 
F(x3) = {0,3,6,9}U{0,1,2I}U |p imbede QZUL) PU{BZUD}. 
Cc 


Clearly (H, B) is a soft neutrosophic sub N-semigroup of (FA) , where 


b 
H(m) = {0,4,8}U{o,7r,2Ud( °° |sa,bc,¢e(ZUN }u{M0zUD}, 
d 


Cc 


H (x3) 


b 
fo,64u fous | 9” |sabede 4ZuUN Su{(ezuD}. 
cd 


Theorem 5.3. Let (F, A) be asoft neutrosophic N-semigroup over S' (NV) and {(H;, B;) ;i € I} 
is a non empty family of soft neutrosophic sub N-semigroups of (F, A) then 
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1. Nier (Hi, B;) is a soft neutrosophic sub N-semigroup of (F, A). 

2. Aier (H;, B;) is a soft neutrosophic sub N-semigroup of Ajez (F, A). 

3. User (Hi, B;) is a soft neutrosophic sub N-semigroup of (F, A) if B; 1B; = ¢, for all 
ij. 

Proof. Straightforward. 

Definition 5.4. (F,A) over S(N) is called soft neutrosophic N-ideal if F(x) is neuto- 
sophic N-ideal of S(.N), for all x € A. 

Theorem 5.4. Every soft neutrosophic N-ideal (F', A) over S (NV) is a soft neutrosophic 
N-semigroup but the converse is not true. 

Proposition 5.3. Let (F, A) and (K, B) be two soft neutrosophic N-ideals over S (N). 
Then 

1. Their extended union (fF, A) U. (K, B) over S'(N) is not soft neutrosophic N-ideal over 
S(N). 

2. Their extended intersection (FA) M- (K,B) over S(N) is soft neutrosophic N-ideal 
over S(N). 

3. Their restricted union (F, A) Up (K, B) over S(N) is not soft neutrosophic N-ideal over 
S(N). 

4. Their restricted intersection (F,.A)M- (K, B) over S(N) is soft neutrosophic N-ideal 
over S(N). 

Proposition 5.4. Let (F, A) and (H, B) be two soft neutrosophic N-ideal over S(N). 
Then 

1. Their AND operation (F, A) A (H, B) is soft neutrosophic N-ideal over S'(N). 

2. Their OR operation (F, A) V (H, B) is not soft neutrosophic N-ideal over S (NV). 

Theorem 5.5. Let (F, A) be a soft neutrosophic N-semigroup over S (NV) and {(H;, B;); 
i € I} is a non empty family of soft neutrosophic N-ideals of (F', A) then 

1. Mier (Hi, B;) is a soft neutrosophic N-ideal of (F, A). 

2. Aicr (H;, B;) is a soft neutrosophic N-ideal of Ajcz (F, A). 


86. Soft neutrosophic strong N-semigroup 


Definition 6.1. Let {S(NV),*i,...,*} be a neutrosophic N-semigroup and (F, A) be a 
soft set over {S(N),*1,...,*}. Then (F; A) is called soft neutrosophic strong N-semigroup if 
and only if F(a) is neutrosophic strong sub N-semigroup, for all x € A. 

Example 6.1. Let S(N) = {5,US,US3US4, *1, *2, *3, x4} be a neutrosophic 4-semigroup 
where 

S, = (Ze UT), a neutrosophic semigroup. 

So = {0,1,2,3,7,27,32, semigroup under multiplication modulo 4}, a neutrosophic semi- 
group. 


a b 
S3 = ;a,b,c,d € (RUT) >, neutrosophic semigroup under matrix multiplica- 
c 


tion. 
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S4 = (ZUTI), neutrosophic semigroup under multiplication. Let T = {T, UT) U T3 U 
T4, *1, *2,*3,*4} is a neutosophic strong sub 4-semigroup of S (4), where T; = {0,3,37} C 


b 
(AiG DTH {0.9 O13 CST | a eG NOU $C ST, = 157 
cd 


I)} Cc $4, the neutrosophic semigroup under multiplication. Also let P = {P, U Po U P3U 
P4,*1, *2,*3, *4} be another neutrosophic strong sub 4-semigroup of S (4), where P; = {0,2/, 41} 


b 
C (ZU 1), Po = {0, 1,1} C So, P3 = ;a,b,c,d € (ZU I) C83, Py = {(2ZUT)} 
cd 


Cc S4. Then (F, A) is soft neutrosophic strong 4-semigroup over S (4), whereThen (F, A) is soft 
neutrosophic 4-semigroup over S (4), where 


Cc 


b 
F(x;) = {0,3,3I}U {0,/,2I, 37} U Oe -a,b,c,d € (QUI) SUL(SZUT)}, 


F (x2) 


{0,27,47} U{0,1,U4 |” ; -a,b,e,d€ (ZUL) Suf(2ZuD}. 
c 

Theorem 6.1. Every soft neutrosophic strong N-semigroup is trivially a soft neutro- 
sophic N-semigroup but the converse is not true. 

Proposition 6.1. Let (Ff, A) and (K, B) be two soft neutrosophic strong N-semigroups 
over S(N). Then 

1. Their extended union (FA) Uz (K,B) over S(N) is not soft neutrosophic strong N- 
semigroup over S(V). 

2. Their extended intersection (FA) M- (K,B) over S(N) is soft neutrosophic strong 
N-semigroup over S(N). 

3. Their restricted union (FA) Ur (K, B) over S(N) is not soft neutrosophic strong N- 
semigroup over S(V). 

4. Their restricted intersection (F,A) M- (K,B) over S(N) is soft neutrosophic strong 
N-semigroup over S(N). 

Proposition 6.2. Let (FA) and (K, B) be two soft neutrosophic strong N-semigroups 
over S(N). Then 

1. Their AND operation (F, A) A (K, B) is soft neutrosophic strong N-semigroup over 
S(N). 

2. Their OR operation (F, A) V (K, B) is not soft neutrosophic strong N-semigroup over 
S(N). 

Definition 6.2. Let (F, A) and (H, B) be two soft neutrosophic strong N-semigroups 
over S(N). Then (H, B) is a soft neutrosophic strong sub N-semigroup of (F, A), if 

1 BCA. 

2. H(a) is neutrosophic strong sub N-semigroup of F(a), for all x € B. 

Theorem 6.2. 

1. Let (F, A) be a soft neutrosophic strong N-semigroup over S (N) and {(H;, B;);7 € I} 
is a non empty family of soft neutrosophic stong sub N-semigroups of (F, A) then 

2. Mier (H;, B;) is a soft neutrosophic strong sub N-semigroup of (F, A). 
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3. Aier (H;, B;) is a soft neutrosophic strong sub N-semigroup of Ajer (F, A). 

4. User (Hi, B;) is a soft neutrosophic strong sub N-semigroup of (F, A) if Bin B; = ¢, 
for alli 4 j. 

Proof. Straightforward. 

Definition 6.3. (F,A) over S (NV) is called soft neutrosophic strong N-ideal if F(x) is 
neutosophic strong N-ideal of S (NV), for all 2 € A. 

Theorem 6.3. Every soft neutrosophic strong N-ideal (F,A) over S(N) is a soft 
neutrosophic strong N-semigroup but the converse is not true. 

Theorem 6.4. Every soft neutrosophic strong N-ideal (F,A) over S(N) is a soft 
neutrosophic N-semigroup but the converse is not true. 

Proposition 6.3. Let (F,A) and (K, B) be two soft neutrosophic strong N-ideals over 
S(N). Then 

1. Their extended union (F, A) U, (K,B) over S'(N) is not soft neutrosophic strong N- 
ideal over S(N). 2. Their extended intersection (F, A)M-(K, B) over S (N) is soft neutrosophic 
strong N-ideal over S (NV). 

3. Their restricted union (F, A) Ur (K,B) over S(N) is not soft neutrosophic strong 
N-ideal over S (NV). 

4. Their restricted intersection (FA) M_- (K,B) over S(N) is soft neutrosophic strong 
N-ideal over S (NV). 

Proposition 6.4. Let (F,A) and (H, B) be two soft neutrosophic strong N-ideal over 
S(N). Then 

1. Their AND operation (F, A) A (H, B) is soft neutrosophic strong N-ideal over S (NV). 

2. Their OR operation (F, A) V (H, B) is not soft neutrosophic strong N-ideal over S (N). 

Theorem 6.5. Let (Ff, A) be a soft neutrosophic strong N-semigroup over S' (NV) and 
{(H;, B;) ;i € I} is a non empty family of soft neutrosophic strong N-ideals of (F, A) then 

1. Mier (Hi, B;) is a soft neutrosophic strong N-ideal of (F, A). 

2. Aier (H;, B;) is a soft neutrosophic strong N-ideal of Aje7 (F, A). 


Conclusion 


This paper is an extension of neutrosphic semigroup to soft semigroup. We also extend 
neutrosophic bisemigroup, neutrosophic N-semigroup to soft neutrosophic bisemigroup, and 
soft neutrosophic N-semigroup. Their related properties and results are explained with many 
illustrative examples, the notions related with strong part of neutrosophy also established within 
soft semigroup. 
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81. Introduction 


The concept of fuzzy sets and fuzzy set operations were first introduced by L. A. Zadeh!!7] 
in 1965. This concept provides a natural foundation for treating mathematically the fuzzy 
phenomena, which exist pervasively in our real world. The first notion of fuzzy topological 
spaces had been defined by C. L. Chang [! in 1968 and this paved the way for the subsequent 
tremendous growth of the numerous fuzzy topological concepts. Since then much attention 
has been paid to generalize the basic concepts of general topology in fuzzy setting and thus a 
modern theory of fuzzy topology has been developed. 

The concepts of Baire spaces have been studied extensively in classical topology [4)-[5):[71,[18), 
The concept of Baire spaces in fuzzy setting was introduced and studied by G. Thangaraj and 
S. Anjalmose in [9]. The concept of o-nowhere dense set was introduced and studied by Jiling 


(6). The concept of fuzzy o-Baire space was introduced and studied by 


Cao and Sina Greenwood 
G. Thangaraj and E. Poongothai in [11]. In this paper, we investigate several characterizations 
of fuzzy o-Baire spaces and study the inter-relations between fuzzy o-Baire spaces, fuzzy Baire 


spaces, fuzzy almost resolvable spaces, fuzzy Volterra spaces and fuzzy weakly Volterra spaces. 


§2. Preliminaries 


By a fuzzy topological space we shall mean a non - empty set X together with a fuzzy 
topology T ( in the sense of CHANG ) and denote it by (X,T). 

Definition 2.1. Let \ and yw be any two fuzzy sets in (X,T). Then we define AV p: 
X — [0,1] as follows: (AV w)(x) = Maxr{r(x), p(x)}. Also we define AA ys: X — [0,1] as 
follows : (AA p)(a) = Min{A(a), u(x) }. 


Vol. 10 Some remarks on fuzzy o-Baire spaces 113 





For a family {A;/i € I} of fuzzy sets in (X,T), the union » = V;A; and intersection 
5 = A,;A; are defined respectively as w(x) = sup;{r;i(x),« € X} and d(x) = infi{rAi (x), x © X}. 

Definition 2.2. Let (X,T) be a fuzzy topological space. For a fuzzy set » of X, the 
interior int(A) and the closure cl(XA) of X are defined respectively as 


(i) int(A) = V{u/u <A, ME TH, 
(ii) el(A) = Mu/d < pl — pT}. 
Lemma 2.1.!!] For any fuzzy set \ in a fuzzy topological space (X,T), 
(i) 1—l(A) = int( — d), 
(ii) 1 — int(A) = cl(1 — A). 


Definition 2.3.8] A fuzzy set A in a fuzzy topological space (X,T) is called fuzzy dense 
if there exists no fuzzy closed set in (X,T) such that ’< p< 1. 

Definition 2.4.!§] A fuzzy set \ in a fuzzy topological space (X,T) is called fuzzy nowhere 
dense if there exists no non-zero fuzzy open set in (X,T) such that pp < cl(A). That is, 
intcl(X) = 0. 

Definition 2.5.!2] A fuzzy set A in a fuzzy topological space (X,T) is called a fuzzy F,-set 
n (X,T) if X = V%&,(A;) where 1— A; € T fori € I. 

Definition 2.6.!2] A fuzzy set \ in a fuzzy topological space (X,T) is called a fuzzy G5-set 
n (X,T) if X= A, (Ai) where A; € T fori € I. 

Definition 2.7.0" A fuzzy set \ in a fuzzy topological space (X,T) is called fuzzy 
o-nowhere dense if » is a fuzzy F,-set in (X,T) such that int(A) = 0. 

Definition 2.8. A fuzzy topological space (X,T) is called a fuzzy Baire space if 
int(V&,(A;)) = 0 where ,’s are fuzzy nowhere dense sets in (X,T). 

Definition 2.9.[8! A fuzzy set \ in a fuzzy topological space (X,T) is called a fuzzy first 
category set if \ = V%,(A;) where \,;’s are fuzzy nowhere dense sets in (X,T). Any other fuzzy 
set in (X,T) is said to be of fuzzy second category. 

Definition 2.10.4] A fuzzy set A in a fuzzy topological space (X,T) is called a fuzzy 
o-first category set if \ = V3, (A;) where \,’s are fuzzy o-nowhere dense sets in (X,T). Any 
other fuzzy set in (X,T) is said to be of fuzzy o-second category. 

Definition 2.11.!') Let A be a fuzzy o-first category set in a fuzzy topological space 
(X,T). Then 1 — A is called a fuzzy o-residual set in (X,T). 

Lemma 2.2.!) For a family of {\,} of fuzzy sets of a fuzzy topological space X, Vcl(Aq) < 
cl(VXq). In case is a finite set, Vel(Ag) = cl(VAq). Also Vint(Aq) < int(VA). 


§3. Fuzzy o-Baire spaces 


Definition 3.1.1] Let (X,T) be a fuzzy topological space. Then (X,T) is called a fuzzy 
o-Baire space if int(VS,(A;)) = 0, where 2,’s are fuzzy o-nowhere dense sets in (X,T). 
Theorem 3.1.!!4] Let (X,T) be a fuzzy topological space. Then the following are equiv- 


alent: 
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(1) (X,T) is a fuzzy o-Baire space. 
(2) int(A) = 0 for every fuzzy o-first category set \ in (X,T)). 
(3) cl(y) = 1 for every fuzzy o-residual set py in (X,T). 


Definition 3.2.6] A fuzzy topological space (X,T) is called a fuzzy almost resolvable 
space if V9, (A\;) = 1, where the fuzzy sets Xis in (X,T) are such that int(\;) = 0. Otherwise 
(X,T) is called a fuzzy almost irresolvable space. 

Definition 3.3. A fuzzy topological space (X,T) is called a fuzzy o-first category space 
if the fuzzy set 1x is a fuzzy o-first category set in (X,T). That is, Lx = V%,(Ai), where 
d;’s are fuzzy o-nowhere dense sets in (X,T). Otherwise (X,T) will be called a fuzzy o-second 
category space in (X,T). 

Proposition 3.1. If the fuzzy topological space (X,T) is a fuzzy o-first category space, 
then (X,T) is a fuzzy almost resolvable space. 

Proof. Let the fuzzy topological space (X,T) be a fuzzy o-first category space. Then we 
have V3, (Ax) = 1, where A,’s are fuzzy o-nowhere dense sets in (X,T). Since A; is a fuzzy o- 
nowhere dense set in (X,T), A; is a fuzzy F,-set in (X,T) and int(\;) = 0. Hence V%2,(A;) = 1, 
where int(A;) = 0 and therefore (X, 7) is a fuzzy almost resolvable space. 

Theorem 3.2.!!!] If the fuzzy topological space (X,T) is a fuzzy o-Baire space, then 
(X,T) is a fuzzy o-second category space. 

Proposition 3.2. If the fuzzy topological space (X,T) is a fuzzy o-Baire space, then 
(X,T) is a fuzzy almost irresolvable space. 

Proof. Let (X,T) be a fuzzy o-Baire space. Since every fuzzy o-Baire space is a fuzzy 
o-second category space, (X,T) is not a fuzzy o-first category space. Then V%,(A;) 4 1, 
where A,;’s are fuzzy o-nowhere dense sets in (X,T). Now \,’s are fuzzy o-nowhere dense sets 
in (X,T), implies that int(A;) = 0, (¢@ = 1 to oo). Hence V%, (Ai) £ 1, where int(A;) = 0 and 
therefore (X,7T) is a fuzzy almost irresolvable space. 

Definition 3.4.['3] A fuzzy topological space (X,T) is called a fuzzy strongly irresolvable 
space if clint(A) = 1 for each fuzzy dense set X in (X,T)). 

Proposition 3.3. If the fuzzy topological space (X,T) is a fuzzy strongly irresolvable, 
fuzzy o-Baire space and J is a fuzzy o-first category set in (X,T), then \ is a fuzzy nowhere 
dense set in (X,T). 

Proof. Let be a fuzzy o-first category set in (X,T). Then A = V%&,(A;), where ,’s 
are fuzzy o-nowhere dense sets in (X,T). Since (X,T) is a fuzzy o-Baire space, by theorem 
3.1, int(A) = 0 in (X,T). Then we have 1 — int(A) = 1. This implies that cl(1 — A) = 1. Since 
(X,T) is a fuzzy strongly irresolvable space, for the fuzzy dense set 1 — \ in (X,T), we have 
clint(1— 2) =1. Then 1—intcl(A) = 1 and hence intcl(\) = 0. Therefore \ is a fuzzy nowhere 
dense set in (X,T). 

Proposition 3.4. If \;’s are the fuzzy o-first category sets in a fuzzy strongly irresolvable, 
fuzzy o-Baire space (X,T), then V%&,(A;) is a fuzzy first category set in (X,T). 

Proof. Let \;’s be the fuzzy o-first category sets in a fuzzy strongly irresolvable, fuzzy 
o-Baire space (X,T). Then, by Proposition 3.3, A;’s are fuzzy nowhere dense sets in (X,T) 
and hence V9, (A;) is a fuzzy first category set in (X,T). 
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Proposition 3.5. If int( V%, (A:)) =0, where A,’s are the fuzzy o-first category sets in 
a fuzzy strongly irresolvable, fuzzy o-Baire space (X,T), then (X,T) is a fuzzy Baire space. 

Proof. Let \,;’s be the fuzzy o-first category sets in a fuzzy strongly irresolvable, fuzzy 
o-Baire space (X,T'). Then, by Proposition 3.4, V2, (A;) is a fuzzy first category set in (X,T). 
Then V7, (Ai) = V721 (uj), where the fuzzy sets 4;’s are fuzzy nowhere dense sets in (X,T). 
Now int( Vesa (Ai)) = 0, implies that int( Vey (14;)) = 0, where the fuzzy sets 1;’s are fuzzy 
nowhere dense sets in (X,7). Hence the fuzzy topological space (X,T) is a fuzzy Baire space. 

Definition 3.5.7] A fuzzy topological space (X,T) is called a fuzzy submaximal space if 
for each fuzzy set \ in (X,T) such that cl(A) = 1, then A € T in (X,T). 

Theorem 3.3.!!3] If the fuzzy topological space (X,T) is a fuzzy submaximal space, then 
(X,T) is a fuzzy strongly irresolvable space. 

Proposition 3.6. If the fuzzy topological space (X,T) is a fuzzy submaximal, fuzzy 
o-Baire space and X is a fuzzy o-first category set in (X,T), then \ is a fuzzy nowhere dense 
set in (X,T). 

Proof. Let A be a fuzzy o-first category set in a fuzzy submaximal, fuzzy o-Baire 
space. Since (X,T) is a fuzzy submaximal space, by theorem 3.3, (X,T) is a fuzzy strongly 
irresolvable space. Then (X,T) is a fuzzy strongly irresolvable, fuzzy o-Baire space. Since A 
is a fuzzy o-first category set in (X,T), by proposition 3.3, A is a fuzzy nowhere dense set in 
(X,T). 

Proposition 3.7. If \;’s are the fuzzy o-first category sets in a fuzzy submaximal, fuzzy 
o-Baire space (X,T), then V%&,(A;) is a fuzzy first category set in (X,T). 

Proof. Let \,’s be the fuzzy o-first category sets in a fuzzy submaximal, fuzzy o-Baire 
space (X,7T). Then, by proposition 3.6, \;’s are fuzzy nowhere dense sets in (X,T) and hence 
V1 (A;) is a fuzzy first category set in (X,T). 

Proposition 3.8. If int( VS, (A;)) = 0, where A,’s are the fuzzy o-first category sets in 
a fuzzy submaximal, fuzzy o-Baire space (X,T), then (X,T) is a fuzzy Baire space. 

Proof. Let \,’s be the fuzzy o-first category sets in a fuzzy submaximal, fuzzy o-Baire 
space (X,T). Then, by proposition 3.7, V2, (A;) is a fuzzy first category set in (X,T). Then 
VPE1(Ai) = V721 (uz), where the fuzzy sets j4;’s are fuzzy nowhere dense sets in (X,7T’). Now 
int (VS, (A:)) = 0, implies that int (V3, (1;)) = 0, where the fuzzy sets j1;’s are fuzzy nowhere 
dense sets in (X,T). Hence (X,T) is a fuzzy Baire space. 

Definition 3.6.[4] A fuzzy topological space (X,T) is called a fuzzy Volterra space if 
el(AN_, (Ai)) = 1, where \;’s are fuzzy dense and fuzzy Gs-sets in (X,T). 

Definition 3.7.!'4] Let (X,T) be a fuzzy topological space. Then (X,T) is called a fuzzy 
weakly Volterra space if al( he (ri)) # 0, where ,’s are fuzzy dense and fuzzy Gs—sets in 
(X,T). 

Proposition 3.9. If .;’s (¢ = 1 to N) are fuzzy o-nowhere dense sets in a fuzzy topological 
space (X,T) and int( VM, (Ai)) = 0, then (X,T) is a fuzzy Volterra space. 

Proof. Let \,’s (¢ = 1 to N) be fuzzy o-nowhere dense sets in (X,T). Then A,’s are 
fuzzy F,-sets with int(\;) = 0 (¢ = 1 to N). Now 1—int(A;) = 1. Then, we have cl(1—;) = 1. 
That is, (1 — A;)’s are fuzzy dense sets in (X,T). Since \,’s are fuzzy F,-sets, (1 — »;)’s are 
fuzzy G's-sets in (X,T). Hence (1 — ,)’s are fuzzy dense and fuzzy G'5-sets in (X,T). Now, 
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cl (AM, (1—Ax)) = l(1— [V1 (A;)]) = 1 -int( VX, (Ai) = 1-0 = 1. Hence (X,T) is a fuzzy 
Volterra space. 

Theorem 3.4.!'7] In a fuzzy topological space (X,T), a fuzzy set is a fuzzy o-nowhere 
dense set in (X,T) if and only if 1 — A is a fuzzy dense and fuzzy G5-set in (X,T). 

Theorem 3.5.!5] If the fuzzy topological space (X, 7) is a fuzzy almost irresolvable space, 
then (X,T) is a fuzzy weakly Volterra space. 

Theorem 3.6.!!5) If the fuzzy topological space (X,T) is a fuzzy o-second category space, 
then (X,T) is a fuzzy weakly Volterra space. 

Proposition 3.10. If a fuzzy topological space (X,T) is not a fuzzy weakly Volterra 
space, then (X,T) is a fuzzy o-first category space. 

Proof. Let (X,T’) be a fuzzy non-weakly Volterra space. Then, we have cl(A_, (\;)) = 0, 
where ,’s are fuzzy dense and fuzzy G5-sets in (X,T). Since »,’s are fuzzy dense and fuzzy 
G5-sets in (X,T), by theorem 3.4, (1 — A;)’s are fuzzy o-nowhere dense sets in (X,7). Let j;’s 
(j = 1 to co) be fuzzy o-nowhere dense sets in (X,T) in which the first N fuzzy o-nowhere 
dense sets be (1 — A;)’s. Now V,(1 — As) < VO24 (mz). Then 1 — AML(Ai) < V924 (mz) and 
hence int[1 — AX, (Ax)] < int[V32,(u;)]- This implies that 1 — cl[AM,(Ai)] < int[V24(u4;)]- 
Then 1 — int[V92,(m43)] < el[AZL1(As)]. Now 1 — [V92y(uy)] < 1 — ine[VF21 (uy)] S LIA Os)]. 
Since cl[AWL, (A;)] = 0, 1 — [V324(u5)] = 0. Then, [VS2,(u;)] = 1, where p1;’s (j = 1 to 00) are 
fuzzy o-nowhere dense sets in (X,7). Hence (X,T) is a fuzzy o-first category space. 








Proposition 3.11. If a fuzzy topological space (X,T) is a fuzzy weakly Volterra space, 
then (X,T) is not a fuzzy o-Baire space. 

Proof. Let (X,T) be a fuzzy weakly Volterra space. Then, we have cl( AM, (Ai)) 4 0 
where ,’s are fuzzy dense and fuzzy G5-sets in (X,T). Since \;’s are fuzzy dense and fuzzy 
G5-sets in (X,T), by theorem 3.4, (1—.,)’s are fuzzy o-nowhere dense sets in (X,T). Let j1;’s 
(j = 1 to co) be fuzzy o-nowhere dense sets in (X,T) in which the first N fuzzy o-nowhere 
dense sets be (1 — Ax)’s. Now V,(1 — As) < V924 (my). Then 1 — AM(Ai) < V921 (mz) and 
hence int[1 — A®_,(Ai)] < int|V?,(u;)]. This implies that 1 — al[AN (x)] < int|VF1(u;)]- 
Since cl[AM1(Aa)] A 0, int[V2, (uz)] A O where u;’s (j = 1 to 00) are fuzzy o-nowhere dense 








sets in (X,T). Hence (X,T) is not a fuzzy o-Baire space. 

Remarks. ‘The inter-relation between fuzzy o-Baire spaces, fuzzy almost irresolvable 
spaces, fuzzy weakly Volterra spaces and fuzzy o-second category spaces can be summarized as 
follows : 


Fuzzy o-Baire spaces 


L 
Fuzzy almost irresolvable spaces 
ve \ 
Fuzzy o-second category spaces Fuzzy weakly Volterra spaces 


But, Fuzzy o-second category spaces + Fuzzy o-Baire spaces 
and 
Fuzzy weakly Volterra spaces -» Fuzzy o-Baire spaces. 
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